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𝐶(𝑡)

𝑌(𝑡) 𝑛

𝑛 𝑌(𝑡)

𝐶(𝑡) 𝑌(𝑡)

‖𝐶(𝑡) − 𝑌(𝑡)‖ < 𝐸𝑛

𝐸𝑛

𝐶(𝑡) 𝑌(𝑡)

𝐶(𝑡)
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𝐶(𝑡) ≈ 𝑌(𝑡)

𝐶´(𝑡) ≈ 𝑌´(𝑡) 𝐶(𝑡)

𝑌(𝑡) 𝐶(𝑛) ≈ 𝑌(𝑛)

𝑓(𝑌, 𝑌´, 𝑌´´, … ) = 𝑎

𝑎

𝐶(𝑡)

𝑓(𝐶, 𝐶´, 𝐶´´, … ) = 𝑎

𝐶(𝑡) 𝑌(𝑡)

𝑌(𝑡)
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CAPÍTULO 2 

 

 

 

𝐵𝑖
𝑛(𝑡)

Bi
n(t) =

1

(b−a)n
(n
i
)(t − a)i(b − t)n−i       t ∈ [a, b],       0 ≤ i ≤ n

c(t) 

c(t) =∑biBi
n(t)

n

i=0

𝑏𝑖 ∶= (
𝑖

𝑛
, 𝑏𝑖1)  

𝑏𝑖

[a, b].

 

 

{𝐵0
𝑛, 𝐵1

𝑛, … , 𝐵𝑛
𝑛} 
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[0, 1].

{1, 𝑥, 𝑥2, … , 𝑥𝑛}

(𝒙 + 𝒚)𝒏 = ∑ (𝒏
𝒌
)𝒙𝒏−𝒌𝒚𝒌𝒏

𝒌=𝟎 .

(

𝐵0
𝑛

𝐵1
𝑛

⋮
𝐵𝑛
𝑛

) = 𝑴(

1
𝑡
⋮
𝑡𝑛

)

[0, 1].

𝐵𝑖
𝑛 [0, 1]

𝐵𝑖
𝑛(𝑡) = (

𝑛

𝑖
) 𝑡𝑖(1 − 𝑡)𝑛−𝑖

𝐵𝑖
𝑛(𝑡) = (

𝑛

𝑖
) 𝑡𝑖 [∑(

𝑛 − 𝑖

𝑘
) 1𝑛−𝑖−𝑘(−𝑡)𝑘

𝑛−𝑖

𝑘=0

] = (
𝑛

𝑖
) 𝑡𝑖 [∑(

𝑛 − 𝑖

𝑘
) (−𝑡)𝑘

𝑛−𝑖

𝑘=0

]

= (
𝑛

𝑖
) [∑(

𝑛 − 𝑖

𝑘
) 𝑡𝑖(−1)𝑘(𝑡)𝑘

𝑛−𝑖

𝑘=0

] = (
𝑛

𝑖
) [∑(

𝑛 − 𝑖

𝑘
) (−1)𝑘(𝑡)𝑘+𝑖

𝑛−𝑖

𝑘=0

]

𝑎𝑖,𝑗+𝑖 = (
𝑛

𝑖
) (
𝑛 − 𝑖

𝑗
) (−1)𝑗
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0 ≤ 𝑖 ≤ 𝑛 0 ≤ 𝑗 ≤ 𝑛 − 𝑖

𝑀 =

[
 
 
 
 
 
 (
𝑛

0
) (
𝑛 − 0

0
) (−1)0 (

𝑛

0
) (
𝑛 − 0

1
) (−1)1 … (

𝑛

0
) (
𝑛 − 0

𝑛
) (−1)𝑛

0 (
𝑛

1
) (
𝑛 − 1

0
) (−1)0 … (

𝑛

1
) (
𝑛 − 1

𝑛 − 1
) (−1)𝑛−1

⋮
0

⋮
0

⋱
…

⋮

(
𝑛

𝑛
) (
𝑛 − 𝑛

0
) (−1)0 ]

 
 
 
 
 
 

𝑓(𝑥) = 𝑏 + (𝑏 − 𝑎)(𝑥 − 1)

𝑓: [0,1] → [𝑎, 𝑏]

𝑓
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𝑓(𝑥1) = 𝑓(𝑥2)

𝑏 + (𝑏 − 𝑎)(𝑥1 − 1) = 𝑏 + (𝑏 − 𝑎)(𝑥2 − 1)

(𝑏 − 𝑎)(𝑥1 − 1) = (𝑏 − 𝑎)(𝑥2 − 1) 

𝑥1 − 1 = 𝑥2 − 1

𝑥1 = 𝑥2 

𝑓 𝑎 < 𝑦1 < 𝑏

𝑥1 = 1 +
𝑦1−𝑏

𝑏−𝑎

0 < 𝑥1 < 1 −1 <
𝑦1−𝑏

𝑏−𝑎
< 0.

𝑦1 − 𝑏 < 0 𝑏 − 𝑎 > 0

𝑎 < 𝑦1

𝑎 − 𝑏 < 𝑦1 − 𝑏

(𝑏 − 𝑎)(−1) < 𝑦1 − 𝑏

−1 <
𝑦1−𝑏

𝑏−𝑎

𝑓(𝑥1) = 𝑦1

𝑓 [0, 1] [𝑎, 𝑏]

∎

𝑏0 𝑏𝑛
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𝑐(𝑎) =∑𝑏𝑖𝐵𝑖
𝑛(𝑎)

𝑛

𝑖=0

= 𝑏0𝐵0
𝑛(𝑎) + 𝑏1𝐵1

𝑛(𝑎) + 𝑏2𝐵2
𝑛(𝑎) + ⋯+ 𝑏𝑛𝐵𝑛

𝑛(𝑎)

= 𝑏0 [
1

(𝑏 − 𝑎)𝑛
(
𝑛

0
) (𝑎 − 𝑎)0(𝑏 − 𝑎)𝑛] + 𝑏1 [

1

(𝑏 − 𝑎)𝑛
(
𝑛

1
) (𝑎 − 𝑎)1(𝑏 − 𝑎)𝑛−1]

+ 𝑏2 [
1

(𝑏 − 𝑎)𝑛
(
𝑛

2
) (𝑎 − 𝑎)2(𝑏 − 𝑎)𝑛−2] + ⋯

+ 𝑏𝑛 [
1

(𝑏 − 𝑎)𝑛
(
𝑛

0
) (𝑎 − 𝑎)𝑛(𝑏 − 𝑎)𝑛−𝑛]

= 𝑏0 ∗ 1 + 𝑏1 ∗ 0 + 𝑏2 ∗ 0 +⋯+ 𝑏𝑛 ∗ 0

= 𝑏0

𝑐(𝑏) =∑𝑏𝑖𝐵𝑖
𝑛(𝑏)

𝑛

𝑖=0

= 𝑏0𝐵0
𝑛(𝑏) + 𝑏1𝐵1

𝑛(𝑏) + 𝑏2𝐵2
𝑛(𝑏) + ⋯+ 𝑏𝑛𝐵𝑛

𝑛(𝑏)

= 𝑏0 [
1

(𝑏 − 𝑎)𝑛
(
𝑛

0
) (𝑏 − 𝑎)0(𝑏 − 𝑏)𝑛] + 𝑏1 [

1

(𝑏 − 𝑎)𝑛
(
𝑛

1
) (𝑏 − 𝑎)1(𝑏 − 𝑏)𝑛−1]

+ 𝑏2 [
1

(𝑏 − 𝑎)𝑛
(
𝑛

2
) (𝑏 − 𝑎)2(𝑏 − 𝑏)𝑛−2] + ⋯

+ 𝑏𝑛 [
1

(𝑏 − 𝑎)𝑛
(
𝑛

0
) (𝑏 − 𝑎)𝑛(𝑏 − 𝑏)0]

= 𝑏0 ∗ 0 + 𝑏1 ∗ 0 + 𝑏2 ∗ 0 +⋯+ 𝑏𝑛 ∗ 1

= 𝑏𝑛 ∎

 

𝐵𝑖
𝑛(𝑡) 𝐵𝑗

𝑚(𝑡)

𝐵𝑖
𝑛(𝑡)𝐵𝑗

𝑚(𝑡) =
1

(𝑏 − 𝑎)𝑛
(
𝑛

𝑖
) (𝑡 − 𝑎)𝑖(𝑏 − 𝑡)𝑛−𝑖

1

(𝑏 − 𝑎)𝑚
(
𝑚

𝑗
) (𝑡 − 𝑎)𝑗(𝑏 − 𝑡)𝑚−𝑗
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𝐵𝑖
𝑛(𝑡)𝐵𝑗

𝑚(𝑡) =
1

(𝑏 − 𝑎)𝑛
1

(𝑏 − 𝑎)𝑚
(
𝑛

𝑖
) (
𝑚

𝑗
) (𝑡 − 𝑎)𝑖+𝑗(𝑏 − 𝑡)𝑚+𝑛−𝑖−𝑗

=
1

(𝑏 − 𝑎)𝑛+𝑚
(
𝑛

𝑖
) (
𝑚

𝑗
) (𝑡 − 𝑎)𝑖+𝑗(𝑏 − 𝑡)𝑚+𝑛−𝑖−𝑗

=
(𝑛
𝑖
) (𝑚

𝑗
)

(𝑛+𝑚
𝑖+𝑗

)
𝐵𝑖+𝑗
𝑛+𝑚.

 

𝐵(𝑡) 𝐶(𝑡) [𝑎, 𝑏]

𝐵(𝑡) ∗ 𝐶(𝑡) = [∑𝑏𝑖𝐵𝑖
𝑛(𝑡)

𝑛

𝑖=0

] ∗ [∑𝑐𝑖𝐵𝑖
𝑚(𝑡)

𝑚

𝑗=0

]

= [𝑏0
1

(𝑏 − 𝑎)𝑛
(
𝑛

0
) (𝑡 − 𝑎)0(𝑏 − 𝑡)𝑛−0 + 𝑏1

1

(𝑏 − 𝑎)𝑛
(
𝑛

1
) (𝑡 − 𝑎)1(𝑏 − 𝑡)𝑛−1

+ 𝑏2
1

(𝑏 − 𝑎)𝑛
(
𝑛

2
) (𝑡 − 𝑎)2(𝑏 − 𝑡)𝑛−2 +⋯

+ 𝑏𝑛
1

(𝑏 − 𝑎)𝑛
(
𝑛

𝑛
) (𝑡 − 𝑎)𝑛(𝑏 − 𝑡)𝑛−𝑛]

∗ [𝑐0
1

(𝑏 − 𝑎)𝑚
(
𝑚

0
) (𝑡 − 𝑎)0(𝑏 − 𝑡)𝑚−0

+ 𝑐1
1

(𝑏 − 𝑎)𝑚
(
𝑚

1
) (𝑡 − 𝑎)1(𝑏 − 𝑡)𝑚−1

+ 𝑐2
1

(𝑏 − 𝑎)𝑚
(
𝑚

2
) (𝑡 − 𝑎)2(𝑏 − 𝑡)𝑚−2 +⋯

+ 𝑐𝑚
1

(𝑏 − 𝑎)𝑚
(
𝑚

𝑚
) (𝑡 − 𝑎)𝑚(𝑏 − 𝑡)𝑚−𝑚]

=
1

(𝑏−𝑎)𝑛+𝑚
{𝑏0𝑐0(

𝑛
0
)(𝑚

0
)(𝑡 − 𝑎)0(𝑏 − 𝑡)𝑛+𝑚 + [𝑏0𝑐1(

𝑛
0
)(𝑚

1
) + 𝑏1𝑐0(

𝑛
1
)(𝑚

0
)](𝑡 − 𝑎)1(𝑏 −

𝑡)𝑛+𝑚−1 + [𝑏0𝑐2(
𝑛
0
)(𝑚

2
) + 𝑏1𝑐1(

𝑛
1
)(𝑚

1
) + 𝑏2𝑐0(

𝑛
2
)(𝑚

0
)](𝑡 − 𝑎)2(𝑏 −

𝑡)𝑛+𝑚−2 𝑏𝑛𝑐𝑚(
𝑛
𝑛
)(𝑚
𝑚
)(𝑡 − 𝑎)𝑛+𝑚(𝑏 − 𝑡)𝑛+𝑚−𝑛−𝑚
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= ∑ 𝛼𝑖𝐵𝑖
𝑛+𝑚

n+m

𝑖=0

𝛼𝑖 =
∑ 𝑏𝑗𝑐𝑖−𝑗(

𝑚
𝑗 )(

𝑛
𝑖−𝑗)

min (𝑖,𝑚,𝑛)
𝑗=0

(𝑛+𝑚𝑖 )
 𝑐𝑖−𝑗 = 0  para  𝑖 − 𝑗 > max (𝑛,𝑚)

𝛿𝑖,𝑗
𝑛,𝑚

𝛿𝑖,𝑗
𝑛,𝑚 =

(𝑚
𝑗
) ( 𝑛

𝑖−𝑗
)

(𝑛+𝑚
𝑖
)

𝛼𝑖 

𝛼𝑖 = 𝛿𝑖,𝑗
𝑛,𝑚 ∑ 𝑏𝑗𝑐𝑖−𝑗

min (𝑖,𝑚,𝑛)

𝑗=0

 

 

 

𝑑

𝑑𝑡
𝐵𝑖
𝑛(𝑡) =

𝑛

𝑏 − 𝑎
[𝐵𝑖−1

𝑛−1(𝑡) − 𝐵𝑖
𝑛−1(𝑡)]

𝐵𝑖
𝑛(𝑡) =

1

(𝑏 − 𝑎)𝑛
(
𝑛

𝑖
) (𝑡 − 𝑎)𝑖(𝑏 − 𝑡)𝑛−𝑖

𝑑

𝑑𝑡
𝐵𝑖
𝑛(𝑡) =

1

(𝑏 − 𝑎)𝑛
(
𝑛

𝑖
) [𝑖 ∗ (𝑡 − 𝑎)𝑖−1 ∗ (𝑏 − 𝑡)𝑛−𝑖 + (𝑛 − 𝑖)(𝑡 − 𝑎)𝑖(𝑏 − 𝑡)𝑛−𝑖−1(−1)]

=
1

(𝑏 − 𝑎)𝑛
{
𝑛! ∗ 𝑖

𝑖! (𝑛 − 𝑖)!
[(𝑡 − 𝑎)𝑖−1 ∗ (𝑏 − 𝑡)𝑛−𝑖] −

𝑛! ∗ (𝑛 − 𝑖)

𝑖! (𝑛 − 𝑖)!
[(𝑡 − 𝑎)𝑖 ∗ (𝑏 − 𝑡)𝑛−𝑖−1]}
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=
1

(𝑏 − 𝑎)𝑛
{

𝑛!

(𝑖 − 1)! (𝑛 − 𝑖)!
[(𝑡 − 𝑎)𝑖−1 ∗ (𝑏 − 𝑡)𝑛−𝑖]

−
𝑛! ∗ (𝑛 − 𝑖)

𝑖! (𝑛 − 𝑖)!
[(𝑡 − 𝑎)𝑖 ∗ (𝑏 − 𝑡)𝑛−𝑖−1]}

=
1

(𝑏 − 𝑎)𝑛
{𝑛 ∗

(𝑛 − 1)!

(𝑖 − 1)! (𝑛 − 𝑖)!
[(𝑡 − 𝑎)𝑖−1 ∗ (𝑏 − 𝑡)𝑛−𝑖] − 𝑛

∗
(𝑛 − 1)!

𝑖! ((𝑛 − 1) − 𝑖)!
[(𝑡 − 𝑎)𝑖 ∗ (𝑏 − 𝑡)𝑛−𝑖−1]}

= 𝑛[
1

𝑏 − 𝑎
∗

1

(𝑏 − 𝑎)𝑛−1
(
𝑛 − 1

𝑖 − 1
) [(𝑡 − 𝑎)𝑖−1 ∗ (𝑏 − 𝑡)𝑛−𝑖] −

1

𝑏 − 𝑎

∗
1

(𝑏 − 𝑎)𝑛−1
(
𝑛 − 1

𝑖
) [(𝑡 − 𝑎)𝑖 ∗ (𝑏 − 𝑡)𝑛−𝑖−1]

=
𝑛

𝑏 − 𝑎
[𝐵𝑖−1

𝑛−1(t) − 𝐵𝑖
𝑛−1(t)]. 

∎

𝑑

𝑑𝑡
𝐵𝑖
𝑛(𝑡) = 𝑛[𝐵𝑖−1

𝑛−1(𝑡) − 𝐵𝑖
𝑛−1(𝑡)]

c(t) =∑biBi
n(t)     

n

i=0

𝑑

𝑑𝑡
𝑐(𝑡) =

𝑛

𝑏 − 𝑎
∑(𝑏𝑖+1 − 𝑏𝑖)𝐵𝑖

𝑛−1(𝑡)

𝑛−1

𝑖=0
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𝐵−1
𝑛−1 ≡ 𝐵𝑛

𝑛−1 ≡ 0

𝑐(𝑡) =∑𝑏𝑖𝐵𝑖
𝑛(𝑡)

𝑛

𝑖=0

= 𝑏0𝐵0
𝑛(𝑡) + 𝑏1𝐵1

𝑛(𝑡) + 𝑏2𝐵2
𝑛(𝑡) + ⋯+ 𝑏𝑛−1𝐵𝑛−1

𝑛 (𝑡) + 𝑏𝑛𝐵𝑛
𝑛(𝑡)

d

dt
c(t) = b0

n

b − a
[B−1

n−1(t) − B0
n−1(t)] + b1

n

b − a
[B0

n−1(t) − B1
n−1(t)]

+ b2
n

b − a
[B1

n−1(t) − B2
−1(t)] + ⋯+ bn−1

n

b − a
[Bn−2

n−1(t) − Bn−1
n−1(t)]

+ bn
n

b − a
[Bn−1

n−1(t) − Bn
n−1(t)]

   =
n

b − a
[(b1 − b0)B0

n−1(t) + (b2 − b1)B1
n−1(t) +⋯+ (bn − bn−1)Bn−1

n−1(t)]

=
n

b − a
∑(bi+1 − bi)Bi

n−1(t)

n−1

i=0

∎

𝑐(𝑡) =∑𝑏𝑖𝐵𝑖
𝑛(𝑡)     

𝑛

𝑖=0

𝑑

𝑑𝑡
𝑐(𝑡) = 𝑛∑(𝑏𝑖+1 − 𝑏𝑖)𝐵𝑖

𝑛−1(𝑡)

𝑛−1

𝑖=0
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{1, x, x2, … . }

∎

 

 

𝑐(𝑡) = ∑ [
𝑖

𝑛 + 1
𝑏𝑖−1 + (1 −

𝑖

𝑛 + 1
)𝑏𝑖]

𝑛+1

𝑖=0

𝐵𝑖
𝑛+1.

𝑐(𝑡) =∑𝑏𝑖𝐵𝑖
𝑛(𝑡) 

𝑛

𝑖=0

      𝑐(𝑡) =∑𝑏𝑖𝐵𝑖
𝑛(𝑡) 

𝑛

𝑖=0

=∑𝑏𝑖
1

(𝑏 − 𝑎)𝑛
(
𝑛

𝑖
) (𝑡 − 𝑎)𝑖(𝑏 − 𝑡)𝑛−𝑖

𝑛

𝑖=0

∗ 1
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=∑𝑏𝑖
1

(𝑏 − 𝑎)𝑛
𝑛!

𝑖! (𝑛 − 𝑖)!
(𝑡 − 𝑎)𝑖(𝑏 − 𝑡)𝑛−𝑖 ∗

(𝑡 − 𝑎 + 𝑏 − 𝑡) 

(𝑏 − 𝑎)

𝑛

𝑖=0

=∑𝑏𝑖
1

(𝑏 − 𝑎)𝑛
𝑛!

𝑖! (𝑛 − 𝑖)!
[
(𝑡 − 𝑎)𝑖+1(𝑏 − 𝑡)𝑛−𝑖 + (𝑡 − 𝑎)𝑖(𝑏 − 𝑡)𝑛+1−𝑖

(𝑏 − 𝑎)
] 

𝑛

𝑖=0

=∑𝑏𝑖
1

(𝑏 − 𝑎)𝑛
[
𝑖 + 1

𝑛 + 1

𝑛! (𝑛 + 1)

(𝑖 + 1)𝑖! (𝑛 − 𝑖)!

(𝑡 − 𝑎)𝑖+1(𝑏 − 𝑡)(𝑛+1)−(𝑖+1)

(𝑏 − 𝑎)

𝑛

𝑖=0

+
𝑛 + 1 − 𝑖

𝑛 + 1

𝑛! (𝑛 + 1)

(𝑛 − 𝑖)! 𝑖! (𝑛 + 1 − 𝑖)

(𝑡 − 𝑎)𝑖(𝑏 − 𝑡)𝑛+1−𝑖

(𝑏 − 𝑎)
] 

=∑𝑏𝑖
1

(𝑏 − 𝑎)𝑛+1
[
𝑖 + 1

𝑛 + 1

(𝑛 + 1)!

(𝑖 + 1)! (𝑛 + 1 − 𝑖 − 1)!
(𝑡 − 𝑎)𝑖+1(𝑏 − 𝑡)(𝑛+1)−(𝑖+1)

𝑛

𝑖=0

+
𝑛 + 1 − 𝑖

𝑛 + 1

(𝑛 + 1)!

𝑖! (𝑛 + 1 − 𝑖)!
(𝑡 − 𝑎)𝑖(𝑏 − 𝑡)𝑛+1−𝑖] 

=∑𝑏𝑖 [
𝑖 + 1

𝑛 + 1
𝐵𝑖+1
𝑛+1 +

𝑛 + 1 − 𝑖

𝑛 + 1
𝐵𝑖
𝑛+1] 

𝑛

𝑖=0

= 𝑏0 [
0 + 1

𝑛 + 1
𝐵0+1
𝑛+1 +

𝑛 + 1 − 0

𝑛 + 1
𝐵0
𝑛+1] + 𝑏1 [

1 + 1

𝑛 + 1
𝐵1+1
𝑛+1 +

𝑛 + 1 − (1)

𝑛 + 1
𝐵1
𝑛+1]

+ 𝑏2 [
2 + 1

𝑛 + 1
𝐵2+1
𝑛+1 +

𝑛 + 1 − (2)

𝑛 + 1
𝐵2
𝑛+1] + ⋯

= 𝑏0
𝑛 + 1 − 0

𝑛 + 1
𝐵0
𝑛+1 + [

0 + 1

𝑛 + 1
𝑏0 +

𝑛 + 1 − (1)

𝑛 + 1
𝑏1] 𝐵1

𝑛+1

+ [
2

𝑛 + 1
𝑏1 +

𝑛 + 1 − (2)

𝑛 + 1
𝑏2] 𝐵2

𝑛+1 +⋯

=∑[
𝑖

𝑛 + 1
𝑏𝑖−1 + (1 −

𝑖

𝑛 + 1
)𝑏𝑖]

𝑛+1

𝑖=0

𝐵𝑖
𝑛+1.

∎
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𝑐(𝑡) =∑𝑏𝑖𝐵𝑖
𝑛(𝑡) 

𝑛

𝑖=0

𝑑

𝑑𝑡
𝑐(𝑡) =

1

𝑏 − 𝑎
∑[(𝑛 − 𝑖)𝑏𝑖+1 + (2𝑖 − 𝑛)𝑏𝑖 − 𝑖𝑏𝑖−1]𝐵𝑖

𝑛 

𝑛

𝑖=0

b(t) 

𝑑

𝑑𝑡
𝑏(𝑡) =

𝑛

𝑏 − 𝑎
∑(𝑏𝑖+1 − 𝑏𝑖)𝐵𝑖

𝑛−1

𝑛−1

𝑖=0

m = n − 1; ci = bi+1 − bi; ci−1 = bi − bi−1

𝑑

𝑑𝑡
𝑏(𝑡) =

𝑛

𝑏 − 𝑎
∑𝑐𝑖𝐵𝑖

𝑚(𝑡) 

𝑚

𝑖=0

=
𝑛

𝑏 − 𝑎
∑[(1 −

𝑖

𝑚 + 1
) 𝑐𝑖 +

𝑖

𝑚 + 1
𝑐𝑖−1]𝐵𝑖

𝑚+1 

𝑚+1

𝑖=0

=
𝑛

𝑏 − 𝑎
∑[(1 −

𝑖

𝑛
) (𝑏𝑖+1 − 𝑏𝑖) +

𝑖

𝑛
(𝑏𝑖 − 𝑏𝑖−1)]𝐵𝑖

𝑛 

𝑛

𝑖=0

=
1  

𝑏 − 𝑎
∑[(𝑛 − 𝑖)𝑏𝑖+1 − (𝑛 − 𝑖)𝑏𝑖 + 𝑖𝑏𝑖 − 𝑖𝑏𝑖−1]𝐵𝑖

𝑛 

𝑛

𝑖=0
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=
1

𝑏 − 𝑎
∑[(𝑛 − 𝑖)𝑏𝑖+1 + (2𝑖 − 𝑛)𝑏𝑖 − 𝑖𝑏𝑖−1]𝐵𝑖

𝑛 

𝑛

𝑖=0

.

∎

 

𝑐(𝑡) =∑𝑏𝑖𝐵𝑖
𝑛(𝑡) 

𝑛

𝑖=0

𝑑2

𝑑𝑡2
𝑐(𝑡) =

1

(𝑏 − 𝑎)2
∑[(𝑛2 − 2𝑖𝑛 − 𝑛 + 𝑖 + 𝑖2)𝑏𝑖+2

𝑛

𝑖=0

+ (−2𝑛2 + 2𝑛 + 6𝑖𝑛 − 2𝑖 − 4𝑖2)𝑏𝑖+1 + (6𝑖
2 − 6𝑖𝑛 − 𝑛 + 𝑛2)𝑏𝑖

+ (2𝑖 + 2𝑖𝑛 − 4𝑖2)𝑏𝑖−1 + (𝑖
2 − 𝑖)𝑏𝑖−2]𝐵𝑖

𝑛

di = (n − i)bi+1 + (2i − n)bi − ibi−1

𝑑 𝑐(𝑡)

𝑑𝑡
=

1

𝑏 − 𝑎
∑𝑑𝑖𝐵𝑖

𝑛(𝑡)

𝑛

𝑖=0

=
1

𝑏 − 𝑎
∑[(𝑛 − 𝑖)𝑑𝑖+1 + (2𝑖 − 𝑛)𝑑𝑖 − 𝑖𝑑𝑖−1]𝐵𝑖

𝑛 

𝑛

𝑖=0

.

𝑑𝑖+1 = (𝑛 − 𝑖 − 1)𝑏𝑖+2 + (2𝑖 + 2 − 𝑛)𝑏𝑖+1 − (𝑖 + 1)𝑏𝑖

𝑑𝑖 = (𝑛 − 𝑖)𝑏𝑖+1 + (2𝑖 − 𝑛)𝑏𝑖 − 𝑖𝑏𝑖−1

𝑑𝑖−1 = (𝑛 − 𝑖 + 1)𝑏𝑖 + (2𝑖 − 2 − 𝑛)𝑏𝑖−1 − (𝑖 − 1)𝑏𝑖−2
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=
1

(𝑏 − 𝑎)2
∑{(𝑛 − 𝑖)[(𝑛 − 𝑖 − 1)𝑏𝑖+2 + (2𝑖 + 2 − 𝑛)𝑏𝑖+1 − (𝑖 + 1)𝑏𝑖]

𝑛

𝑖=0

+ (2𝑖 − 𝑛)[(𝑛 − 𝑖)𝑏𝑖+1 + (2𝑖 − 𝑛)𝑏𝑖 − 𝑖𝑏𝑖−1] − 𝑖[(𝑛 − 𝑖 + 1)𝑏𝑖

+ (2𝑖 − 2 − 𝑛)𝑏𝑖−1 − (𝑖 − 1)𝑏𝑖−2]}𝐵𝑖
𝑛

=
1

(𝑏 − 𝑎)2
∑[(𝑛2 − 𝑖𝑛 − 𝑛 − 𝑖𝑛 + 𝑖2 + 𝑖)𝑏𝑖+2 + (2𝑖𝑛 + 2𝑛 − 𝑛

2 − 2𝑖2 − 2𝑖 + 𝑖𝑛)𝑏𝑖+1

𝑛

𝑖=0

+ (𝑖2 + 𝑖 − 𝑖𝑛 − 𝑛)𝑏𝑖 + (2𝑖𝑛 − 2𝑖
2 − 𝑛2 + 𝑖𝑛)𝑏𝑖+1

+ (4𝑖2 − 2𝑖𝑛 − 2𝑖𝑛 + 𝑛2)𝑏𝑖 + (𝑖𝑛 − 2𝑖
2)𝑏𝑖−1 + (𝑖

2 − 𝑛𝑖 − 𝑖)𝑏𝑖

+ (2𝑖 + 𝑖𝑛 − 2𝑖2)𝑏𝑖−1 + (𝑖
2 − 𝑖)𝑏𝑖−2]𝐵𝑖

𝑛

=
1

(𝑏 − 𝑎)2
∑[(𝑛2 − 2𝑖𝑛 − 𝑛 + 𝑖 + 𝑖2)𝑏𝑖+2 + (−2𝑛

2 + 2𝑛 + 6𝑖𝑛 − 2𝑖 − 4𝑖2)𝑏𝑖+1

𝑛

𝑖=0

+ (6𝑖2 − 6𝑖𝑛 − 𝑛 + 𝑛2)𝑏𝑖 + (2𝑖 + 2𝑖𝑛 − 4𝑖
2)𝑏𝑖−1 + (𝑖

2 − 𝑖)𝑏𝑖−2]𝐵𝑖
𝑛.

∎

 

𝐶(𝑡) =∑𝑐𝑖𝐵𝑖
𝑚(𝑡)

𝑚

𝑖=0

 

∑ [∑𝛿𝑖,𝑗
𝑛,𝑚𝑐𝑗

𝑖

𝑗=0

] 𝐵𝑖
𝑛+𝑚(𝑡)

𝑚+𝑛

𝑖=0
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𝛿𝑖,𝑗
𝑛,𝑚 =

(𝑚𝑗 )(
𝑛
𝑖−𝑗)

(𝑛+𝑚𝑖 )
( 𝑚
𝑖−𝑗
) = 0,   (𝑛

𝑗
) = 0 𝑖 − 𝑗 > 𝑚  𝑦  𝑗 > 𝑛

[a, b]

𝐵𝑖
𝑚(𝑡) =

1

(𝑏 − 𝑎)𝑚
(
𝑚

𝑖
) (𝑡 − 𝑎)𝑖(𝑏 − 𝑡)𝑚−𝑖

=
1

(𝑏 − 𝑎)𝑚
(
𝑚

𝑖
) (𝑡 − 𝑎)𝑖(𝑏 − 𝑡)𝑚−𝑖(𝑏 − 𝑡 + 𝑡 − 𝑎)𝑛

1

(𝑏 − 𝑎)𝑛

=
1

(𝑏 − 𝑎)𝑛+𝑚
(
𝑚

𝑖
) (𝑡 − 𝑎)𝑖(𝑏 − 𝑡)𝑚−𝑖 ∗∑(

𝑛

𝑘
)

𝑛

𝑘=0

(𝑏 − 𝑡)𝑛−𝑘(𝑡 − 𝑎)𝑘

=
1

(𝑏 − 𝑎)𝑛+𝑚
∑(

𝑚

𝑖
) (
𝑛

𝑘
)

𝑛

𝑘=0

(𝑏 − 𝑡)𝑚+𝑛−(𝑘+𝑖)(𝑡 − 𝑎)𝑘+𝑖

=
1

(𝑏 − 𝑎)𝑛+𝑚
∑(

𝑚+ 𝑛

𝑖 + 𝑘
) (𝑏 − 𝑡)𝑚+𝑛−(𝑘+𝑖)(𝑡 − 𝑎)𝑘+𝑖 ∗

(𝑚
𝑖
)(𝑛
𝑘
)

(𝑚+𝑛
𝑖+𝑘

)

𝑛

𝑘=0

=∑
(𝑚
𝑖
)(𝑛
𝑘
)

(𝑚+𝑛
𝑖+𝑘

)
𝐵𝑖+𝑘
𝑛+𝑚

𝑛

𝑘=0

∴ 𝐵𝑖
𝑛(𝑡) = ∑

(𝑚
𝑖
)(𝑛
𝑘
)

(𝑚+𝑛
𝑖+𝑘

)
𝐵𝑖+𝑘
𝑛+𝑚.

𝑛

𝑘=0

𝐶(𝑡) =∑𝑐𝑖𝐵𝑖
𝑚

𝑚

𝑖=0

=∑𝑐𝑖(∑
(𝑚
𝑖
)(𝑛
𝑘
)

(𝑚+𝑛
𝑖+𝑘

)
𝐵𝑖+𝑘
𝑚+𝑛

𝑛

𝑘=0

)

𝑚

𝑖=0
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= 𝑐𝑜∑
(𝑚
0
)(𝑛
𝑘
)

(𝑚+𝑛
𝑘
)

𝑛

𝑘=0

𝐵𝑘
𝑚+𝑛 + 𝑐1∑

(𝑚
1
)(𝑛
𝑘
)

(𝑚+𝑛
1+𝑘

)

𝑛

𝑘=0

𝐵1+𝑘
𝑚+𝑛 +⋯+ 𝑐𝑚∑

(𝑚
𝑚
)(𝑛
𝑘
)

(𝑚+𝑛
𝑚+𝑘

)

𝑛

𝑘=0

𝐵𝑚+𝑘
𝑚+𝑛

= [𝑐𝑜
(𝑚
0
)(𝑛
0
)

(𝑚+𝑛
0
)
𝐵0
𝑚+𝑛 + 𝑐𝑜

(𝑚
0
)(𝑛
1
)

(𝑚+𝑛
1
)
𝐵1
𝑚+𝑛 +⋯+ 𝑐𝑜

(𝑚
0
)(𝑛
𝑛
)

(𝑚+𝑛
𝑛
)
𝐵𝑛
𝑚+𝑛]

+ [𝑐1
(𝑚
1
)(𝑛
0
)

(𝑚+𝑛
1
)
𝐵1
𝑚+𝑛 + 𝑐1

(𝑚
1
)(𝑛
1
)

(𝑚+𝑛
2
)
𝐵2
𝑚+𝑛 +⋯+ 𝑐1

(𝑚
1
)(𝑛
𝑛
)

(𝑚+𝑛
𝑚+1

)
𝐵𝑛+1
𝑚+𝑛] + ⋯

+ [𝑐𝑚
(𝑚
𝑚
)(𝑛
0
)

(𝑚+𝑛
𝑛
)
𝐵𝑛
𝑚+𝑛 + 𝑐𝑚

(𝑚
𝑚
)(𝑛
1
)

(𝑚+𝑛
𝑛+1

)
𝐵𝑛+1
𝑚+𝑛 +⋯+ 𝑐𝑚

(𝑚
𝑚
)(𝑛
𝑛
)

(𝑚+𝑛
𝑛+𝑚

)
𝐵𝑚+𝑛
𝑚+𝑛]

=
(𝑚
0
)(𝑛
0
)

(𝑚+𝑛
0
)
𝑐𝑜𝐵0

𝑚+𝑛 + [
(𝑚
0
)(𝑛
1
)

(𝑚+𝑛
1
)
𝑐𝑜 +

(𝑚
1
)(𝑛
0
)

(𝑚+𝑛
1
)
𝑐1]𝐵1

𝑚+𝑛

+ [
(𝑚
0
)(𝑛
2
)

(𝑚+𝑛
2
)
𝑐𝑜 +

(𝑚
1
)(𝑛
1
)

(𝑚+𝑛
2
)
𝑐1 +

(𝑚
2
)(𝑛
0
)

(𝑚+𝑛
2
)
𝑐2] 𝐵2

𝑚+𝑛 +⋯+ [
(𝑚
𝑚
)(𝑛
𝑛
)

(𝑚+𝑛
𝑚+𝑛

)
𝑐𝑚] 𝐵𝑛+𝑚

𝑛+𝑚

= ∑ [∑𝛿𝑖,𝑗
𝑛,𝑚𝑐𝑗

𝑖

𝑗=0

] 𝐵𝑖
𝑛+𝑚

𝑚+𝑛

𝑖=0

𝛿𝑖,𝑗
𝑛,𝑚 =

(𝑚𝑗 )(
𝑛
𝑖−𝑗)

(𝑛+𝑚𝑖 )
( 𝑚
𝑖−𝑗
) = 0   (𝑛

𝑗
) = 0 𝑖 − 𝑗 > 𝑚  𝑦  𝑗 > 𝑛. ∎
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CAPÍTULO 3 

 

 

𝐹(𝑥, 𝑦, 𝑦´, 𝑦´´, … , 𝑦(𝑛)) = 0

𝐹(𝑥, 𝑐, 𝑐´, 𝑐´´, … , 𝑐(𝑛)) = 0

𝑐(𝑥) 𝑐 ≈ 𝑦.



27 
 

𝑓: 𝛺 ⊂ (ℜ × ℜ𝑛) → ℜ𝑛 𝛺

(𝑡0, 𝑥0) ∈ 𝛺 𝐼𝛼 = [𝑡0 − 𝛼, 𝑡0 + 𝛼 ] ⊂ ℜ, 𝛼 > 0

{
𝑥´ = 𝑓(𝑡, 𝑥)

𝑥(𝑡0) = 𝑥0

(t, x(t)) ∈ Ω, ∀t ∈ Iα.

 

{
𝑦´ = 𝑐1
𝑦(0) = 𝑐2

𝑐1, 𝑐2

𝑦(0) = 𝑐2 𝑏0 = 𝑐2

𝑦´ =
1

𝑏 − 𝑎
∑[(𝑛 − 𝑖)𝑏𝑖+1 + (2𝑖 − 𝑛)𝑏𝑖 − 𝑖𝑏𝑖−1]𝐵𝑖

𝑛 

𝑛

𝑖=0
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𝑐1 =
1

𝑏 − 𝑎
∑[(𝑛 − 𝑖)𝑏𝑖+1 + (2𝑖 − 𝑛)𝑏𝑖 − 𝑖𝑏𝑖−1]𝐵𝑖

𝑛 

𝑛

𝑖=0

𝑐1(𝑏 − 𝑎) =∑[(𝑛 − 𝑖)𝑏𝑖+1 + (2𝑖 − 𝑛)𝑏𝑖 − 𝑖𝑏𝑖−1]𝐵𝑖
𝑛 

𝑛

𝑖=0

𝑐1(𝑏 − 𝑎) = [2𝑏1 − 2𝑏0]𝐵0
2 + [𝑏2 − 𝑏0]𝐵1

2 + [2𝑏2 − 2𝑏1]𝐵2
2

𝑐1(𝑏 − 𝑎) = [2𝑏1 − 2𝑏0] [
1

(𝑏 − 𝑎)2
(
2

0
) (𝑏 − 𝑡)2]

+ [𝑏2 − 𝑏0] [
1

(𝑏 − 𝑎)2
(
2

1
) (𝑡 − 𝑎)(𝑏 − 𝑡)]

+ [2𝑏2 − 2𝑏1] [
1

(𝑏 − 𝑎)2
(
2

2
) (𝑡 − 𝑎)2]

𝑐1(𝑏 − 𝑎)
3 = [2𝑏1 − 2𝑏0](𝑏 − 𝑡)

2 + [2𝑏2 − 2𝑏0](𝑡 − 𝑎)(𝑏 − 𝑡) + [2𝑏2 − 2𝑏1](𝑡 − 𝑎)
2

𝑐1(𝑏 − 𝑎)
3 = [2𝑏1 − 2𝑏0](𝑏

2 − 2𝑏𝑡 + 𝑡2) + [2𝑏2 − 2𝑏0](𝑏𝑡 − 𝑡
2 − 𝑎𝑏 + 𝑎𝑡)

+ [2𝑏2 − 2𝑏1](𝑡
2 − 2𝑎𝑡 + 𝑎2)

𝑐1(𝑏 − 𝑎)
3 = [(2𝑏1 − 2𝑏0)𝑏

2 + (2𝑏2 − 2𝑏0)(−𝑎𝑏) + (2𝑏2 − 2𝑏1)𝑎
2]

+ [(2𝑏0 − 2𝑏1)2𝑏 + (2𝑏2 − 2𝑏0)(𝑏 + 𝑎) − 2𝑎(2𝑏2 − 2𝑏1)]𝑡

+ [(2𝑏1 − 2𝑏0) + (2𝑏0 − 2𝑏2) + (2𝑏2 − 2𝑏1)]𝑡
2

𝑐1(𝑏 − 𝑎)
3 = [(2𝑏1 − 2𝑏0)𝑏

2 + (2𝑏2 − 2𝑏0)(−𝑎𝑏) + (2𝑏2 − 2𝑏1)𝑎
2]

0 = [(2𝑏0 − 2𝑏1)2𝑏 + (2𝑏2 − 2𝑏0)(𝑏 + 𝑎) − 2𝑎(2𝑏2 − 2𝑏1)]

𝑏0 = 𝑐2 𝑏1

𝑏2

(2𝑏2 − 2𝑎2)𝑏1 + (2𝑎
2 − 2𝑎𝑏)𝑏2 = 𝑐1(𝑏 − 𝑎)

3 + (2𝑏2 − 2𝑎𝑏)𝑏0
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(4𝑎 − 4𝑏)𝑏1 + (2𝑏 − 2𝑎)𝑏2 = (2𝑎 − 2𝑏)𝑏0

𝑏1

𝑏1 =
(2𝑎 − 2𝑏)𝑏0 + (2𝑎 − 2𝑏)𝑏2

4𝑎 − 4𝑏

𝑏1 =
(𝑎 − 𝑏)𝑏0 + (𝑎 − 𝑏)𝑏2

2𝑎 − 2𝑏

𝑏1 =
𝑏0 + 𝑏2
2

𝑏1

(2𝑏2 − 2𝑎2) (
𝑏0 + 𝑏2
2

) + (2𝑎2 − 2𝑎𝑏)𝑏2 = 𝑐1(𝑏 − 𝑎)
3 + (2𝑏2 − 2𝑎𝑏)𝑏0

(𝑏2 − 𝑎2)(𝑏0 + 𝑏2) + (2𝑎
2 − 2𝑎𝑏)𝑏2 = 𝑐1(𝑏 − 𝑎)

3 + (2𝑏2 − 2𝑎𝑏)𝑏0

(𝑏 − 𝑎)2𝑏2 = 𝑐1(𝑏 − 𝑎)
3 + (𝑏2 − 2𝑎𝑏 + 𝑎2)𝑏0

(𝑏 − 𝑎)2𝑏2 = 𝑐1(𝑏 − 𝑎)
3 + (𝑏 − 𝑎)2𝑏0

𝒃𝟐 = 𝒄𝟏(𝒃 − 𝒂) + 𝒃𝟎

𝑏1 =
𝑏0 + 𝑏0 + 𝑐1(𝑏 − 𝑎)

2

𝒃𝟏 = 𝒃𝟎 +
𝒄𝟏(𝒃 − 𝒂)

𝟐
.

[a, b]

{
 y = y´

y(0) = 1
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∑𝑏𝑖𝐵𝑖
𝑛 =

1

𝑏 − 𝑎
∑[(𝑛 − 𝑖)𝑏𝑖+1 + (2𝑖 − 𝑛)𝑏𝑖 − 𝑖𝑏𝑖−1]𝐵𝑖

𝑛

𝑛

𝑖=0

𝑛

𝑖=0

𝑦(0) = 1 𝑏0 =

1

𝑏1, 𝑏2, 𝑏3, … , 𝑏𝑛

𝑏𝑖 =
1

(𝑏 − 𝑎)
∗ [(𝑛 − 𝑖)𝑏𝑖+1 + (2𝑖 − 𝑛)𝑏𝑖 − 𝑖𝑏𝑖−1]

𝑏𝑖+1

(𝑏 − 𝑎) ∗ 𝑏𝑖 + (𝑛 − 2𝑖)𝑏𝑖 + 𝑖𝑏𝑖−1 = (𝑛 − 𝑖)𝑏𝑖+1

𝑏𝑖+1 =
(𝑏 − 𝑎) + 𝑛 − 2𝑖

𝑛 − 𝑖
𝑏𝑖 +

𝑖

𝑛 − 𝑖
𝑏𝑖−1.

[0,10].

𝑏0 = 1;

𝑏1 =
(10 − 0) + 4 − 2 ∗ 0

4 − 0
∗ 1

𝑏1 =
10 + 4

4
∗ 1

𝑏1 =
14

4

𝑏2 =
(10 − 0) + 4 − 2 ∗ 1

4 − 1
∗
14

4
+

1

4 − 1
∗ 1

𝑏2 =
10 + 4 − 2

3
∗
14

4
+
1

3
∗ 1

𝑏2 =
12

3
∗
14

4
+
1

3
∗ 1
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𝑏2 =
12

3
∗
14

4
+
1

3
∗ 1

𝑏2 =
43

3

𝑏3 =
(10 − 0) + 4 − 2 ∗ 2

4 − 2
∗
43

3
+

2

4 − 2
∗
14

4

𝑏3 =
10

2
∗
43

3
+
2

2
∗
14

4

𝑏3 =
451

6

𝑏4 =
(10 − 0) + 4 − 2 ∗ 3

4 − 3
∗
451

6
+

3

4 − 3
∗
43

3

𝑏4 =
8

1
∗
451

6
+
3

1
∗
43

3

𝑏4 =
8

1
∗
451

6
+
3

1
∗
43

3

𝑏4 =
1933

3
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𝑛 = 4

 

La imagen de la derecha muestra el error con la norma infinito donde se observa 

que al incrementar el grado de la curva de Bézier el error tiende a cero. Aquí 

podemos observar que para 𝑛 ≥ 17 el error es prácticamente a cero, esto es, la 

aproximación es prácticamente igual a la solución analítica. 

{
 𝑦´(𝑡) = 3𝑡2 + 4

𝑦(0) = 2

𝑦(𝑡) = 𝑡3 + 4𝑡 + 2

𝑏0 = 2 𝑦(0) = 2
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1

𝑏 − 𝑎
∑[(𝑛 − 𝑖)𝑏𝑖+1 + (2𝑖 − 𝑛)𝑏𝑖 − 𝑖𝑏𝑖−1]𝐵𝑖

𝑛 

𝑛

𝑖=0

= 3𝑡2 + 4

1

𝑏 − 𝑎
[(3𝑏1 − 3𝑏0)𝐵0

3 + (2𝑏2 − 𝑏1 − 𝑏0)𝐵1
3 + (𝑏3 + 𝑏2 − 2𝑏1)𝐵2

3 + (3𝑏3 − 3𝑏2)𝐵3
3]

= (3𝑡2 + 4)

(3𝑏1 − 3𝑏0) [
1

(𝑏 − 𝑎)3
(𝑏 − 𝑡)3] + (2𝑏2 − 𝑏1 − 𝑏0) [

1

(𝑏 − 𝑎)3
3(𝑡 − 𝑎)(𝑏 − 𝑡)2]

+ (𝑏3 + 𝑏2 − 2𝑏1) [
1

(𝑏 − 𝑎)3
3(𝑡 − 𝑎)2(𝑏 − 𝑡)]

+ (3𝑏3 − 3𝑏2) [
1

(𝑏 − 𝑎)3
(𝑡 − 𝑎)3] = (3𝑡2 + 4)(𝑏 − 𝑎)

(3𝑏1 − 3𝑏0)[𝑏
3 − 3𝑏2𝑡 + 3𝑏𝑡2 − 𝑡3] + (2𝑏2 − 𝑏1 − 𝑏0)[3(𝑡 − 𝑎)(𝑏

2 − 2𝑏𝑡 + 𝑡2)]

+ (𝑏3 + 𝑏2 − 2𝑏1)[3(𝑡
2 − 2𝑎𝑡 + 𝑎2)(𝑏 − 𝑡)]

+ (3𝑏3 − 3𝑏2)[𝑡
3 − 3𝑎𝑡2 + 3𝑎2𝑡 − 𝑎3] = (3𝑡2 + 4)(𝑏 − 𝑎)4

[(−3𝑏3 + 3𝑎𝑏2)𝑏0 + (3𝑏
3 + 3𝑎𝑏2 − 6𝑎2𝑏)𝑏1 + (3𝑎

3 − 6𝑎𝑏2 + 3𝑎2𝑏)𝑏2

+ (3𝑎2𝑏 − 3𝑎3)𝑏3]

+ [(6𝑏2 − 6𝑎𝑏)𝑏0 + (6𝑎
2 + 6𝑎𝑏 − 12𝑏2)𝑏1 + (6𝑏

2 + 6𝑎𝑏 − 12𝑎2)𝑏2

+ (6𝑎2 − 6𝑎𝑏)𝑏3]𝑡

+ [(3𝑎 − 3𝑏)𝑏0 + (9𝑏 − 9𝑎)𝑏1 + (9𝑎 − 9𝑏)𝑏2 + (3𝑏 − 3𝑎)𝑏3]𝑡
2

= (3𝑡2 + 4)(𝑏 − 𝑎)4

(−3𝑏3 + 3𝑎𝑏2)𝑏0 + (3𝑏
3 + 3𝑎𝑏2 − 6𝑎2𝑏)𝑏1 + (3𝑎

3 − 6𝑎𝑏2 + 3𝑎2𝑏)𝑏2

+ (3𝑎2𝑏 − 3𝑎3)𝑏3 = 4(𝑏 − 𝑎)
4

(6𝑏2 − 6𝑎𝑏)𝑏0 + (6𝑎
2 + 6𝑎𝑏 − 12𝑏2)𝑏1 + (6𝑏

2 + 6𝑎𝑏 − 12𝑎2)𝑏2 + (6𝑎
2 − 6𝑎𝑏)𝑏3

= 0



34 
 

(3𝑎 − 3𝑏)𝑏0 + (9𝑏 − 9𝑎)𝑏1 + (9𝑎 − 9𝑏)𝑏2 + (3𝑏 − 3𝑎)𝑏3 = 3(𝑏 − 𝑎)4

𝑏1, 𝑏2 𝑏3.

[0, 1] 𝑏1, 𝑏2 𝑏3

10

3
,
14

3
7

𝐵(𝑡) =∑𝑏𝑖𝐵𝑖
𝑛

3

𝑖=1

= 2(1 − 𝑡)3 + (
10

3
) (3𝑡)(1 − 𝑡)2 + (

14

3
) (3𝑡2)(1 − 𝑡) + (7)𝑡3

= 2 + 4𝑡 + 𝑡3
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{

y = −y´´

y(0) = 1

y´(0) = 0

𝑐(𝑡)

∑𝑏𝑖𝐵𝑖
𝑛 =

𝑛

𝑖=0

−
1

(𝑏 − 𝑎)2
∑[(𝑛2 − 2𝑖𝑛 − 𝑛 + 𝑖 + 𝑖2)𝑏𝑖+2

𝑛

𝑖=0

+ (−2𝑛2 + 2𝑛 + 6𝑖𝑛 − 2𝑖 − 4𝑖2)𝑏𝑖+1 + (6𝑖
2 − 6𝑖𝑛 − 𝑛 + 𝑛2)𝑏𝑖

+ (2𝑖 + 2𝑖𝑛 − 4𝑖2)𝑏𝑖−1 + (𝑖
2 − 𝑖)𝑏𝑖−2]𝐵𝑖

𝑛.

bi+2

𝑏𝑖 = −
1

(𝑏 − 𝑎)2
[(𝑛2 − 2𝑖𝑛 − 𝑛 + 𝑖 + 𝑖2)𝑏𝑖+2 + (−2𝑛

2 + 2𝑛 + 6𝑖𝑛 − 2𝑖 − 4𝑖2)𝑏𝑖+1

+ (6𝑖2 − 6𝑖𝑛 − 𝑛 + 𝑛2)𝑏𝑖 + (2𝑖 + 2𝑖𝑛 − 4𝑖
2)𝑏𝑖−1 + (𝑖

2 − 𝑖)𝑏𝑖−2]

−(𝑏 − 𝑎)2𝑏𝑖 = [(𝑛2 − 2𝑖𝑛 − 𝑛 + 𝑖 + 𝑖2)𝑏𝑖+2 + (−2𝑛
2 + 2𝑛 + 6𝑖𝑛 − 2𝑖 − 4𝑖2)𝑏𝑖+1

+ (6𝑖2 − 6𝑖𝑛 − 𝑛 + 𝑛2)𝑏𝑖 + (2𝑖 + 2𝑖𝑛 − 4𝑖
2)𝑏𝑖−1 + (𝑖

2 − 𝑖)𝑏𝑖−2]

 𝑏𝑖+2 =
2𝑛2 − 2𝑛 − 6𝑖𝑛 + 2𝑖 + 4𝑖2

𝑛2 − 2𝑖𝑛 − 𝑛 + 𝑖 + 𝑖2
𝑏𝑖+1 +

−(𝑏 − 𝑎)2 − 6𝑖2 + 6𝑖𝑛 + 𝑛 − 𝑛2

𝑛2 − 2𝑖𝑛 − 𝑛 + 𝑖 + 𝑖2
𝑏𝑖

+
4𝑖2 − 2𝑖 − 2𝑖𝑛

𝑛2 − 2𝑖𝑛 − 𝑛 + 𝑖 + 𝑖2
𝑏𝑖−1 +

𝑖 − 𝑖2

𝑛2 − 2𝑖𝑛 − 𝑛 + 𝑖 + 𝑖2
𝑏𝑖−2

y(0) = 1 b0 = 1

y´(0) = 0

1

𝑏 − 𝑎
[(𝑛 − 𝑖)𝑏𝑖+1 + (2𝑖 − 𝑛)𝑏𝑖 − 𝑖𝑏𝑖−1]𝐵𝑖

𝑛(0) = 0

(𝑛 − 𝑖)𝑏𝑖+1 + (2𝑖 − 𝑛)𝑏𝑖 − 𝑖𝑏𝑖−1 = 0

𝑛𝑏1 + (−𝑛)𝑏0 = 0
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𝑏1 = 𝑏0 = 1

𝑏2 =
2𝑛2 − 2𝑛

𝑛2 − 𝑛
𝑏1 +

−(𝑏 − 𝑎)2 + 𝑛 − 𝑛2

𝑛2 − 𝑛
𝑏0 =

𝑛2 − 𝑛 − (𝑏 − 𝑎)2

𝑛2 − 𝑛
𝑏0

𝑏3 =
2𝑛2 − 2𝑛 − 6𝑛 + 2 + 4

𝑛2 − 2𝑛 − 𝑛 + 1 + 1
𝑏2 +

−(𝑏 − 𝑎)2 − 6 + 6𝑛 + 𝑛 − 𝑛2

𝑛2 − 2𝑛 − 𝑛 + 1 + 1
𝑏1

+
4 − 2 − 2𝑛

𝑛2 − 2𝑛 − 𝑛 + 1 + 1
𝑏0

𝑏3 =
2𝑛2 − 8𝑛 + 6

𝑛2 − 3𝑛 + 2
𝑏2 +

−𝑛2 + 7𝑛 − 6 − (𝑏 − 𝑎)2

𝑛2 − 3𝑛 + 2
𝑏1 +

2 − 2𝑛

𝑛2 − 3𝑛 + 2
𝑏0

𝑏𝑖+2 =
2𝑛2 − 2𝑛 − 6𝑖𝑛 + 2𝑖 + 4𝑖2

𝑛2 − 2𝑖𝑛 − 𝑛 + 𝑖 + 𝑖2
𝑏𝑖+1 +

−(𝑏 − 𝑎)2 − 6𝑖2 + 6𝑖𝑛 + 𝑛 − 𝑛2

𝑛2 − 2𝑖𝑛 − 𝑛 + 𝑖 + 𝑖2
𝑏𝑖

+
4𝑖2 − 2𝑖 − 2𝑖𝑛

𝑛2 − 2𝑖𝑛 − 𝑛 + 𝑖 + 𝑖2
𝑏𝑖−1 +

𝑖 − 𝑖2

𝑛2 − 2𝑖𝑛 − 𝑛 + 𝑖 + 𝑖2
𝑏𝑖−2.
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𝑛 = 10

 

 

{

𝑦 = −𝑦´´

𝑦(0) = 1

𝑦(2𝜋) = 1
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∑𝑏𝑖𝐵𝑖
𝑛 =

𝑛

𝑖=0

−
1

(𝑏 − 𝑎)2
∑[(𝑛2 − 2𝑖𝑛 − 𝑛 + 𝑖 + 𝑖2)𝑏𝑖+2

𝑛

𝑖=0

+ (−2𝑛2 + 2𝑛 + 6𝑖𝑛 − 2𝑖 − 4𝑖2)𝑏𝑖+1 + (6𝑖
2 − 6𝑖𝑛 − 𝑛 + 𝑛2)𝑏𝑖

+ (2𝑖 + 2𝑖𝑛 − 4𝑖2)𝑏𝑖−1 + (𝑖
2 − 𝑖)𝑏𝑖−2]𝐵𝑖

𝑛

𝑛 = 4

𝑦(0) = 1 𝑦(2𝜋) = 1 𝑏0 = 1 𝑏4 = 1

𝑖 = 0

−𝑏2 + 2𝑏1 − 4.29 = 0

𝑖 = 1

−𝑏3 + 𝑏2 − 5.58𝑏1 − 𝑏0 = 0

𝑖 = 2

−𝑏4 − 2𝑏3 − 13.74𝑏2 − 2𝑏1 − 1 = 0

𝑏0 = 1 𝑏4 = 1

𝑏1 = 3.02323; 𝑏2 = 1.7566; 𝑏3 = −16.0827
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𝑛 = 4
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CAPÍTULO 4 

 

 

𝑐´(𝑡) =
1

𝑏 − 𝑎
∑[(𝑛 − 𝑖)𝑏𝑖+1 + (2𝑖 − 𝑛)𝑏𝑖 − 𝑖𝑏𝑖−1]𝐵𝑖

𝑛 

𝑛

𝑖=0

𝑐(𝑡) =∑𝑏𝑖𝐵𝑖
𝑛

𝑛

𝑖=0

𝑏𝑖

𝑐(𝑡) = 𝑫𝑩

 𝑴

𝑴 = (

−𝒊
𝟎

𝟐𝒊 − 𝒏
−𝒊

𝒏 − 𝒊    𝟎
       𝟐𝒊 − 𝒏 𝒏 − 𝒊

⋯
𝟎
𝟎
       

𝟎
𝟎
      

𝟎
𝟎

⋮ ⋱ ⋮
𝟎          𝟎            𝟎         𝟎 ⋯ −𝒊 𝟐𝒊 − 𝒏 𝒏 − 𝒊

)
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0 𝑛

1

(𝑏−𝑎)
𝑴

𝑐´(𝑡) =
1

𝑏 − 𝑎
∑[(𝑛 − 𝑖)𝑏𝑖+1 + (2𝑖 − 𝑛)𝑏𝑖 − 𝑖𝑏𝑖−1]𝐵𝑖

𝑛 

𝑛

𝑖=0

𝑑𝑖 =
1

𝑏 − 𝑎
∗ [(𝑛 − 𝑖)𝑏𝑖+1 + (2𝑖 − 𝑛)𝑏𝑖 − 𝑖𝑏𝑖−1]

𝑏´(𝑡) =∑𝑑𝑖𝐵𝑖
𝑛

𝑛

𝑖=0

𝑫𝟐 𝑑𝑖

𝑫𝟐

𝑴

𝑐´´(𝑡) =
1

(𝑏 − 𝑎)
𝑴𝑫𝟐𝑩

𝑫𝟐 =
𝟏

(𝒃−𝒂)
𝑴𝒃

𝑏´´(𝑡) =
1

(𝑏 − 𝑎)
𝑴

1

(𝑏 − 𝑎)
𝑴𝒃𝑩

𝑏´´(𝑡) =
1

(𝑏 − 𝑎)2
𝑴𝟐𝒃𝑩.



42 
 

𝑏(𝑣)(𝑡) =
1

(𝑏 − 𝑎)𝑣
𝑀𝑣𝑏𝐵

𝑛

𝑛

{
y´ = 3t2 + 4

y(0) = 2

𝑛 = 3 𝑀

(

−3 3 0 0
−1 −1 2 0
0
0

−2
0

1
−3

1
3

)

𝐶

1

b − a
(

−3 3 0 0
−1 −1 2 0
0
0

−2
0

1
−3

1
3

)(

c0
c1
c2
c3

)(B0
3 B1

3 B2
3 B3

3) = 3t2 + 4

B0
3 = 1 − 3t + 3t2 − t3
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B0
3

𝑑0 = 4

4𝐵0
3 = 4(1 − 𝑡)3 = 4 − 12𝑡 + 12𝑡2 − 4𝑡3

𝐵0
3 = 3 ∗ (𝑡 − 2𝑡2 + 𝑡3) = 3𝑡 − 6𝑡2 + 3𝑡3

−12𝑡 + 𝑑1 ∗ 3𝑡 = 0 d1

4 ∗ 3(𝑡 ∗ (1 − 𝑡)2) = 12𝑡 − 24𝑡2 + 12𝑡3

𝐵2
3 = 3𝑡2 − 3𝑡3 −12𝑡2 + 𝑑2 ∗ 3𝑡

2 = 3𝑡2

𝑑2 = 5

𝐵3
3 = 𝑡3

−4𝑡3 + 12𝑡3 − 15𝑡3 + 𝑑3𝑡
3 = 0

−7𝑡3 + 𝑑3𝑡
3 = 0

d3 = 7

(

−3 3 0 0
−1 −1 2 0
0
0

−2
0

1
−3

1
3

)(

b0
b1
b2
b3

)(B0
3 B1

3 B2
3 B3

3) = (

4
4
5
7

) (B0
3 B1

3 B2
3 B3

3)

(

−3 3 0 0
−1 −1 2 0
0
0

−2
0

1
−3

1
3

)(

b0
b1
b2
b3

) = (

4
4
5
7

)

(

3 0 0
−1 2 0
−2
0

1
−3

1
3

)(
b1
b2
b3

) = (

4 + 3b0
4 + b0
5
7

)
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(
3 0 0
−1 2 0
−2 1 1

)(
b1
b2
b3

) = (
4 + 3b0
4 + b0
5

)

b0 = 2

(
3 0 0
−1 2 0
−2 1 1

)(
b1
b2
b3

) = (
10
6
5
)

b1 =
10

3
;  b2 =

14

3
;  b3 = 7

b1, b2 y b3

[0, 2𝜋]

{

𝑦 = −𝑦´´

𝑦(0) = 1

𝑦(2𝜋) = 1

(

 
 

𝑏0
𝑏1
𝑏2
𝑏3
𝑏4)

 
 
(𝐵0

4 𝐵1
4 𝐵2

4 𝐵3
4 𝐵4

4) = −
1

(𝑏 − 𝑎)2
𝑀2

(

 
 

𝑏0
𝑏1
𝑏2
𝑏3
𝑏4)

 
 
(𝐵0

4 𝐵1
4 𝐵2

4 𝐵3
4 𝐵4

4)

𝑀 =

[
 
 
 
 
−4 4 0  0  0
−1 −2 3      0      0
0
0
0

−2
0
0

0  2   0
−3 2 1
0 −4 4]
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𝑀2 =

[
 
 
 
 
12 −24    12 0 0
6 −6   −6   6 0
2
0
0

  4
6
0

  
  −12 4 2
   −6 −6 6
12 −24 12]

 
 
 
 

−(2𝜋)2

(

 
 

𝑏0
𝑏1
𝑏2
𝑏3
𝑏4)

 
 
=

[
 
 
 
 
12 −24    12 0 0
6 −6   −6   6 0
2
0
0

  4
6
0

  
  −12 4 2
   −6 −6 6
12 −24 12]

 
 
 
 

(

 
 

𝑏0
𝑏1
𝑏2
𝑏3
𝑏4)

 
 

[
 
 
 
 
 
−12 − (2𝜋)2 24 −12 0 0

−6 6 − (2𝜋)2 6 −6 0

−2
0
0

−4
−6
0

12 − (2𝜋)2 −4 −2

6 6 − (2𝜋)2 −6

−12 24 −12 − (2𝜋)2]
 
 
 
 
 

(

 
 

𝑏0
𝑏1
𝑏2
𝑏3
𝑏4)

 
 
=

(

 
 

0
0
0
0
0)

 
 

 𝑏1 𝑏2  y  𝑏3

𝑏1 = 3.02323; 𝑏2 = 1.7566; 𝑏3 = −16.0827
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𝑛 = 4
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CAPÍTULO 5 

 

 

 

{
 
 

 
 
𝑑𝑆

𝑑𝑡
= −

𝛽

𝑁
𝑆𝐼           (1)

𝑑𝐼

𝑑𝑡
=
𝛽

𝑁
𝑆𝐼 − 𝛾𝐼      (2)

𝑑𝑅

𝑑𝑡
= 𝛾𝐼                   (3)

𝑆 = 𝑁ú𝑚𝑒𝑟𝑜 𝑑𝑒 𝑖𝑛𝑑𝑖𝑣𝑖𝑑𝑢𝑜𝑠 𝑠𝑢𝑠𝑒𝑝𝑡𝑖𝑏𝑙𝑒𝑠

𝐼 = 𝑁ú𝑚𝑒𝑟𝑜 𝑑𝑒 𝑖𝑛𝑑𝑖𝑣𝑖𝑑𝑢𝑜𝑠 𝑖𝑛𝑓𝑒𝑐𝑡𝑎𝑑𝑜𝑠

𝑅 = 𝑁ú𝑚𝑒𝑟𝑜 𝑑𝑒 𝑖𝑛𝑑𝑖𝑣𝑖𝑑𝑢𝑜𝑠 𝑟𝑒𝑐𝑢𝑝𝑒𝑟𝑎𝑑𝑜𝑠

𝑁 = 𝑆 + 𝐼 + 𝑅 = 𝑃𝑜𝑏𝑙𝑎𝑐𝑖ó𝑛 𝑡𝑜𝑡𝑎𝑙

𝛽 = 𝑡𝑎𝑠𝑎 𝑑𝑒 𝑡𝑟𝑎𝑛𝑠𝑚𝑖𝑠𝑖ó𝑛 

𝛾 = 𝑡𝑎𝑠𝑎 𝑑𝑒 𝑟𝑒𝑐𝑢𝑝𝑒𝑟𝑎𝑐𝑖ó𝑛
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(3) 𝑅´

(1) (2)

𝑆 = ∑ 𝑠𝑖𝐵𝑖
𝑛, 𝐼 =𝑛

𝑖=0 ∑ 𝐼𝑗𝐵𝑗
𝑚  y𝑚

𝑗=0  𝑅 = ∑ 𝑟𝑘𝐵𝑘
𝑝𝑝

𝑘=0

1

𝑏 − 𝑎
∑[(𝑛 − 𝑖)𝑠𝑖+1 + (2𝑖 − 𝑛)𝑠𝑖 − 𝑖𝑠𝑖−1]𝐵𝑖

𝑛 =
−𝛽

𝑁
[∑ ( ∑ 𝛿𝑖,𝑗

𝑛,𝑚𝐼𝑗𝑆𝑖−𝑗

min (𝑖,𝑛,𝑚)

𝑗=0

)𝐵𝑖
𝑛+𝑚

𝑛+𝑚

𝑖=0

]

𝑛

𝑖=0

1

𝑏 − 𝑎
∑[(𝑛 − 𝑖)𝐼𝑖+1 + (2𝑖 − 𝑛)𝐼𝑖 − 𝑖𝐼𝑖−1]𝐵𝑖

𝑛 =
𝛽

𝑁
[∑ ( ∑ 𝛿𝑖,𝑗

𝑛,𝑚𝐼𝑗𝑆𝑖−𝑗

min (𝑖,𝑛,𝑚)

𝑗=0

)𝐵𝑖
𝑛+𝑚

𝑛+𝑚

𝑖=0

]

𝑛

𝑖=0

− 𝛾∑𝐼𝑖𝐵𝑖
𝑛

𝑛

𝑖=0

𝑚

 
1

𝑏−𝑎
∑ [∑ 𝛿𝑖,𝑗

𝑛,𝑚[(𝑛 − 𝑗)𝑠𝑗+1 + (2𝑗 − 𝑛)𝑠𝑗 − 𝑗𝑠𝑗−1]
𝑖
𝑗=0 ]𝐵𝑖

𝑛+𝑚𝑛+𝑚
𝑖=0 =

−𝛽

𝑁
[∑ (∑ 𝛿𝑖,𝑗

𝑛,𝑚𝐼𝑗𝑆𝑖−𝑗
min (𝑖,𝑛,𝑚)
𝑗=0 )𝐵𝑖

𝑛+𝑚𝑛+𝑚
𝑖=0 ]

  
1

𝑏−𝑎
∑ [∑ 𝛿𝑖,𝑗

𝑛,𝑚[(𝑛 − 𝑗)𝐼𝑗+1 + (2𝑗 − 𝑛)𝐼𝑗 − 𝑗𝐼𝑗−1]
𝑖
𝑗=0 ]𝐵𝑖

𝑛+𝑚𝑛+𝑚
𝑖=0 =

𝛽

𝑁
[∑ (∑ 𝛿𝑖,𝑗

𝑛,𝑚𝐼𝑗𝑆𝑖−𝑗
min (𝑖,𝑛,𝑚)
𝑗=0 )𝐵𝑖

𝑛+𝑚𝑛+𝑚
𝑖=0 ] − 𝛾 ∑ [∑ 𝐼𝑗𝛿𝑖,𝑗

𝑛,𝑚𝑖
𝑗=0 ]𝐵𝑖

𝑛+𝑚𝑛+𝑚
𝑖=0

𝑠𝑖+1



49 
 

1

𝑏 − 𝑎
∑𝛿𝑖,𝑗

𝑛,𝑚[(𝑛 − 𝑗)𝑠𝑗+1 + (2𝑗 − 𝑛)𝑠𝑗 − 𝑗𝑠𝑗−1]

𝑖

𝑗=0

=

=
−𝛽

𝑁
[ ∑ 𝛿𝑖,𝑗

𝑛,𝑚𝐼𝑗𝑆𝑖−𝑗

min (𝑖,𝑛,𝑚)

𝑗=0

]∑𝛿𝑖,𝑗
𝑛,𝑚[(𝑛 − 𝑗)𝑠𝑗+1 + (2𝑗 − 𝑛)𝑠𝑗 − 𝑗𝑠𝑗−1]

𝑖−1

𝑗=0

+ 𝛿𝑖,𝑖
𝑛,𝑚[(𝑛 − 𝑖)𝑠𝑖+1 + (2𝑗 − 𝑛)𝑠𝑖 − 𝑗𝑠𝑖−1]

=
−𝛽(𝑏 − 𝑎)

𝑁
[ ∑ 𝛿𝑖,𝑗

𝑛,𝑚𝐼𝑗𝑆𝑖−𝑗

min(𝑖,𝑛,𝑚)

𝑗=0

] [(𝑛 − 𝑖)𝑠𝑖+1 + (2𝑗 − 𝑛)𝑠𝑖 − 𝑗𝑠𝑖−1]

=
1

𝛿𝑖,𝑖
𝑛,𝑚 ∗ {

−𝛽(𝑏 − 𝑎)

𝑁
[ ∑ 𝛿𝑖,𝑗

𝑛,𝑚𝐼𝑗𝑆𝑖−𝑗

min (𝑖,𝑛,𝑚)

𝑗=0

] −∑𝛿𝑖,𝑗
𝑛,𝑚[(𝑛 − 𝑗)𝑠𝑗+1 + (2𝑗 − 𝑛)𝑠𝑗 − 𝑗𝑠𝑗−1]

𝑖−1

𝑗=0

}

𝒔𝒊+𝟏 =

𝟏
𝜹𝒊,𝒊
𝒏,𝒎 ∗ {

−𝜷(𝒃 − 𝒂)
𝑵

[∑ 𝜹𝒊,𝒋
𝒏,𝒎𝑰𝒋𝑺𝒊−𝒋

𝐦𝐢 𝐧(𝒊,𝒏,𝒎)
𝒋=𝟎 ] − ∑ 𝜹𝒊,𝒋

𝒏,𝒎[(𝒏 − 𝒋)𝒔𝒋+𝟏 + (𝟐𝒋 − 𝒏)𝒔𝒋 − 𝒋𝒔𝒋−𝟏]
𝒊−𝟏
𝒋=𝟎 }

(𝒏 − 𝒊)
  

+
(𝒏 − 𝟐𝒊)𝒔𝒊 + 𝒊𝒔𝒊−𝟏

(𝒏 − 𝒊)

𝐼𝑖+1

1

𝑏 − 𝑎
∑𝛿𝑖,𝑗

𝑛,𝑚[(𝑛 − 𝑗)𝐼𝑗+1 + (2𝑗 − 𝑛)𝐼𝑗 − 𝑗𝐼𝑗−1]

𝑖

𝑗=0

=
𝛽

𝑁
[ ∑ 𝛿𝑖,𝑗

𝑛,𝑚𝐼𝑗𝑆𝑖−𝑗

min (𝑖,𝑛,𝑚)

𝑗=0

] − 𝛾∑𝐼𝑗𝛿𝑖,𝑗
𝑛,𝑚

𝑖

𝑗=0

∑𝛿𝑖,𝑗
𝑛,𝑚[(𝑛 − 𝑗)𝐼𝑗+1 + (2𝑗 − 𝑛)𝐼𝑗 − 𝑗𝐼𝑗−1]

𝑖

𝑗=0

= (𝑏 − 𝑎)(
𝛽

𝑁
[ ∑ 𝛿𝑖,𝑗

𝑛,𝑚𝐼𝑗𝑆𝑖−𝑗

min (𝑖,𝑛,𝑚)

𝑗=0

] − 𝛾∑𝐼𝑗𝛿𝑖,𝑗
𝑛,𝑚

𝑖

𝑗=0

)

∑𝛿𝑖,𝑗
𝑛,𝑚[(𝑛 − 𝑗)𝐼𝑗+1 + (2𝑗 − 𝑛)𝐼𝑗 − 𝑗𝐼𝑗−1] +

𝑖−1

𝑗=0

𝛿𝑖,𝑖
𝑛,𝑚[(𝑛 − 𝑖)𝐼𝑖+1 + (2𝑖 − 𝑛)𝐼𝑖 − 𝑖𝐼𝑖−1]

= (𝑏 − 𝑎)(
𝛽

𝑁
[ ∑ 𝛿𝑖,𝑗

𝑛,𝑚𝐼𝑗𝑆𝑖−𝑗

min (𝑖,𝑛,𝑚)

𝑗=0

] − 𝛾∑𝐼𝑗𝛿𝑖,𝑗
𝑛,𝑚

𝑖

𝑗=0

)
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[(𝑛 − 𝑖)𝐼𝑖+1 + (2𝑖 − 𝑛)𝐼𝑖 − 𝑖𝐼𝑖−1]

=
1

𝛿𝑖,𝑖
𝑛,𝑚 {(𝑏 − 𝑎)(

𝛽

𝑁
[ ∑ 𝛿𝑖,𝑗

𝑛,𝑚𝐼𝑗𝑆𝑖−𝑗

min (𝑖,𝑛,𝑚)

𝑗=0

] − 𝛾∑𝐼𝑗𝛿𝑖,𝑗
𝑛,𝑚

𝑖

𝑗=0

)      

−∑𝛿𝑖,𝑗
𝑛,𝑚[(𝑛 − 𝑗)𝐼𝑗+1 + (2𝑗 − 𝑛)𝐼𝑗 − 𝑗𝐼𝑗−1]

𝑖−1

𝑗=0

}

𝑰𝒊+𝟏 =

𝟏
𝜹𝒊,𝒊
𝒏,𝒎 {[𝒃 − 𝒂] [

𝜷
𝑵
(∑ 𝜹𝒊,𝒋

𝒏,𝒎𝑰𝒋𝑺𝒊−𝒋
𝐦𝐢𝐧 (𝒊,𝒏,𝒎)
𝒋=𝟎 ) − 𝜸∑ 𝑰𝒋𝜹𝒊,𝒋

𝒏,𝒎𝒊
𝒋=𝟎 ] − ∑ 𝜹𝒊,𝒋

𝒏,𝒎[(𝒏 − 𝒋)𝑰𝒋+𝟏 + (𝟐𝒋 − 𝒏)𝑰𝒋 − 𝒋𝑰𝒋−𝟏]
𝒊−𝟏
𝒋=𝟎 }

(𝒏 − 𝒊)

+
(𝒏 − 𝟐𝒊)𝑰𝒊 + 𝒊𝑰𝒊−𝟏

(𝒏 − 𝒊)

𝑖 = 0

𝑆1 =

1
𝛿0,0
𝑛,𝑚 ∗ [

−𝛽(𝑏 − 𝑎)
𝑁 𝛿0,0

𝑛,𝑚𝐼0𝑆0] + 𝑛𝑆0

𝑛

𝑆1 =
[
−𝛽(𝑏 − 𝑎)

𝑁 𝐼0𝑆0]

𝑛
+ 𝑆0

𝑺𝟏 =
−𝜷(𝒃 − 𝒂)

𝑵𝒏
𝑰𝟎𝑺𝟎 + 𝑺𝟎

𝐼1 =

1
𝛿0,0
𝑛,𝑚 {(𝑏 − 𝑎) [

𝛽
𝑁 𝛿0,0

𝑛,𝑚𝐼0𝑆0 − 𝛾𝐼0𝛿0,0
𝑛,𝑚]} + 𝑛𝐼0

𝑛

𝐼1 =
(𝑏 − 𝑎) [

𝛽
𝑁 𝐼0𝑆0 − 𝛾𝐼0] + 𝑛𝐼0

𝑛
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𝑰𝟏 = 𝑰𝟎 +
(𝒃 − 𝒂) [

𝜷
𝑵 𝑰𝟎𝑺𝟎 − 𝜸𝑰𝟎]

𝒏

𝑖 = 1

𝑺𝟐 =

𝟏
𝜹𝟏,𝟏
𝒏,𝒎 ∗ {

−𝜷(𝒃 − 𝒂)
𝑵 [𝜹𝟏,𝟎

𝒏,𝒎𝑰𝟎𝑺𝟏 + 𝜹𝟏,𝟏
𝒏,𝒎𝑰𝟏𝑺𝟎] − 𝜹𝟏,𝟎

𝒏,𝒎[𝒏𝑺𝟏 − 𝒏𝑺𝟎]} + (𝒏 − 𝟐)𝑺𝟏 + 𝑺𝟎

𝒏 − 𝟏

𝑖 = 1

𝑰𝟐

=

𝟏
𝜹𝟏,𝟏
𝒏,𝒎 {(𝒃 − 𝒂) [

𝜷
𝑵(𝜹𝟏,𝟎

𝒏,𝒎𝑰𝟎𝑺𝟏 + 𝜹𝟏,𝟏
𝒏,𝒎𝑰𝟏𝑺𝟎) − 𝜸(𝜹𝟏,𝟎

𝒏,𝒎𝑰𝟎 + 𝜹𝟏,𝟏
𝒏,𝒎𝑰𝟏)] − 𝜹𝟏,𝟎

𝒏,𝒎(𝒏𝑰𝟏 − 𝒏𝑰𝟎)}

(𝒏 − 𝟏)

+
(𝒏 − 𝟐)𝑰𝟏 + 𝑰𝟎

(𝒏 − 𝟏)

𝑖 = 2

𝑺𝟑

=

𝟏
𝜹𝟐,𝟐
𝒏,𝒎 {

−𝜷(𝒃 − 𝒂)
𝑵

[𝜹𝟐,𝟎
𝒏,𝒎𝑰𝟎𝑺𝟐 + 𝜹𝟐,𝟏

𝒏,𝒎𝑰𝟏𝑺𝟏 + 𝜹𝟐,𝟐
𝒏,𝒎𝑰𝟐𝑺𝟎] − 𝜹𝟐,𝟎

𝒏,𝒎[𝒏𝑺𝟏 − 𝒏𝑺𝟎] − 𝜹𝟐,𝟏
𝒏,𝒎[(𝒏 − 𝟏)𝑺𝟐 + (𝟐 − 𝒏)𝑺𝟏 − 𝑺𝟎]}

(𝒏 − 𝟐)

+
(𝒏 − 𝟒)𝑺𝟐 + 𝟐𝑺𝟏

(𝒏 − 𝟐)

𝑖 = 2

𝑰𝟑

=

𝟏
𝜹𝟐,𝟐
𝒏,𝒎 {(𝒃 − 𝒂) [

𝜷
𝑵(

𝜹𝟐,𝟎
𝒏,𝒎𝑰𝟎𝑺𝟐 + 𝜹𝟐,𝟏

𝒏,𝒎𝑰𝟏𝑺𝟏 + 𝜹𝟐,𝟐
𝒏,𝒎𝑰𝟐𝑺𝟎) − 𝜸(𝜹𝟐,𝟎

𝒏,𝒎𝑰𝟎 + 𝜹𝟐,𝟏
𝒏,𝒎𝑰𝟏 + 𝜹𝟐,𝟐

𝒏,𝒎𝑰𝟐)] − 𝜹𝟐,𝟎
𝒏,𝒎[𝒏𝑰𝟏 −𝒏𝑰𝟎]−𝜹𝟐,𝟏

𝒏,𝒎[(𝒏 − 𝟏)𝑰𝟐 + (𝟐 − 𝒏)𝑰𝟏 − 𝑰𝟎]}

(𝒏 − 𝟐)

+
(𝒏 − 𝟒)𝑰𝟐 + 𝟐𝑰𝟏

(𝒏 − 𝟐)

𝑅´ = 𝛾𝐼

1

(𝑏 − 𝑎)
∑[(𝑛 − 𝑖)𝑟𝑖+1 + (2𝑖 − 𝑛)𝑟𝑖 − 𝑖𝑟𝑖−1]𝐵𝑖

𝑛 = 𝛾𝐼𝑖𝐵𝑖
𝑛

𝑛

𝑖=0
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1

(𝑏 − 𝑎)
[𝑛𝑟1 − 𝑛𝑟0] = 𝛾𝐼0

𝑟1 =
(𝑏 − 𝑎)𝛾𝐼0 + 𝑛𝑟0

𝑛

1

(𝑏 − 𝑎)
[(𝑛 − 1)𝑟2 + (2 − 𝑛)𝑟1 − 𝑟0] = 𝛾𝐼1

(𝑛 − 1)𝑟2 + (2 − 𝑛)𝑟1 − 𝑟0 = (𝑏 − 𝑎)𝛾𝐼1

𝑟2 =
(𝑏 − 𝑎)𝛾𝐼1 + (𝑛 − 2)𝑟1 + 𝑟0

(𝑛 − 1)

1

(𝑏 − 𝑎)
[(𝑛 − 2)𝑟3 + (4 − 𝑛)𝑟2 − 2𝑟1] = 𝛾𝐼2

(𝑛 − 2)𝑟3 + (4 − 𝑛)𝑟2 − 2𝑟1 = (𝑏 − 𝑎)𝛾𝐼2

𝑟3 =
(𝑏 − 𝑎)𝛾𝐼2 + (𝑛 − 4)𝑟2 + 2𝑟1

(𝑛 − 2)

𝑆(0) = 127,792,286; 𝐼(0) = 1; 𝑅(0) = 0;  𝛽 = 4.855 y 𝛾 = 4.8

𝑆1 =
−𝛽(𝑏 − 𝑎)

𝑁𝑛
𝐼0𝑆0 + 𝑆0

𝑆1 =
−4.855(730)

127792287 ∗ (3)
1 ∗ 127792286 + 127792286

𝑆1 = 127,791,104.62
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𝐼1 = 𝐼0 +
(𝑏 − 𝑎) [

𝛽
𝑁 𝐼0𝑆0 − 𝛾𝐼0]

𝑛

𝐼1 = 1 +
(730) [

4.855
127,792,287 ∗ 1 ∗ 127,792,287 − 4.8 ∗ 1]

3

𝐼1 = 1 +
(730) [

4.855
127,792,287 ∗ 1 ∗ 127,792,287 − 4.8 ∗ 1]

3

𝐼1 = 14.38

𝑆2 =

1
𝛿1,1
𝑛,𝑚 ∗ {

−𝛽(𝑏 − 𝑎)
𝑁 [𝛿1,0

𝑛,𝑚𝐼0𝑆1 + 𝛿1,1
𝑛,𝑚𝐼1𝑆0] − 𝛿1,0

𝑛,𝑚[𝑛𝑆1 − 𝑛𝑆0]} + (𝑛 − 2)𝑆1 + 𝑆0

𝑛 − 1

𝑆2 =

−𝛽(𝑏 − 𝑎)
𝑁

[𝐼0𝑆1 + 𝐼1𝑆0] − [𝑛𝑆1 − 𝑛𝑆0] + (𝑛 − 2)𝑆1 + 𝑆0

𝑛 − 1

𝑆2

=

−4.855(730)
127,792,287

[127,791,104.62 + 14.38 ∗ 127,792,286] − [3 ∗ 127,791,104.62 − 3 ∗ 127,792,286]

2

+
+127,791,104.62 + 127,792,286

2

𝑆2 = 127,766,207

𝐼2

=

1
𝛿1,1
𝑛,𝑚 {(𝑏 − 𝑎) [

𝛽
𝑁 (𝛿1,0

𝑛,𝑚𝐼0𝑆1 + 𝛿1,1
𝑛,𝑚𝐼1𝑆0) − 𝛾(𝛿1,0

𝑛,𝑚𝐼0 + 𝛿1,1
𝑛,𝑚𝐼1)] − 𝛿1,0

𝑛,𝑚(𝑛𝐼1 − 𝑛𝐼0)} + (𝑛 − 2)𝐼1 + 𝐼0

(𝑛 − 1)

𝐼2 =
(𝑏 − 𝑎) [

𝛽
𝑁
(𝐼0𝑆1 + 𝐼1𝑆0) − 𝛾(𝐼0 + 𝐼1)] − (𝑛𝐼1 − 𝑛𝐼0) + (𝑛 − 2)𝐼1 + 𝐼0

(𝑛 − 1)
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𝐼2 =
(730) [

4.855
127,792,287

(127,791,104.62 + 14.38 ∗ 127,792,286) − 4.8(1 + 14.38)]

2

−
(3 ∗ 14.38 − 3 ∗ 1) + 14.38 + 1

2

𝐼2 = 296.42

𝑆3 =

1
𝛿2,2
𝑛,𝑚 {

−𝛽(𝑏 − 𝑎)
𝑁

[𝛿2,0
𝑛,𝑚𝐼0𝑆2 + 𝛿2,1

𝑛,𝑚𝐼1𝑆1 + 𝛿2,2
𝑛,𝑚𝐼2𝑆0] − 𝛿2,0

𝑛,𝑚[𝑛𝑆1 − 𝑛𝑆0] − 𝛿2,1
𝑛,𝑚[(𝑛 − 1)𝑆2 + (2 − 𝑛)𝑆1 − 𝑆0]}

(𝑛 − 2)

+
+(𝑛 − 4)𝑆2 + 2𝑆1

(𝑛 − 2)

𝑆3 = 127,773,980

𝐼3

=

1
𝛿2,2
𝑛,𝑚 {(𝑏 − 𝑎) [

𝛽
𝑁 (
𝛿2,0
𝑛,𝑚𝐼0𝑆2 + 𝛿2,1

𝑛,𝑚𝐼1𝑆1 + 𝛿2,2
𝑛,𝑚𝐼2𝑆0) − 𝛾(𝛿2,0

𝑛,𝑚𝐼0 + 𝛿2,1
𝑛,𝑚𝐼1 + 𝛿2,2

𝑛,𝑚𝐼2)] − 𝛿2,0
𝑛,𝑚[𝑛𝐼1 − 𝑛𝐼0]−𝛿2,1

𝑛,𝑚[(𝑛 − 1)𝐼2 + (2 − 𝑛)𝐼1 − 𝐼0]}

(𝑛 − 2)

+
(𝑛 − 4)𝐼2 + 2𝐼1

(𝑛 − 2)

𝐼3 = 15,188.6

𝑟1 =
(𝑏 − 𝑎)𝛾𝐼0 + 𝑛𝑟0

𝑛

𝑟1 = 1,168

𝑟2 =
(𝑏 − 𝑎)𝛾𝐼1 + (𝑛 − 2)𝑟1 + 𝑟0

(𝑛 − 1)

𝑟2 = 25,783.58

𝑟3 =
(𝑏 − 𝑎)𝛾𝐼2 + (𝑛 − 4)𝑟2 + 2𝑟1

(𝑛 − 2)

𝑟3 = 1,015,209.19
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𝑦´(𝑥) + 𝑝(𝑥)𝑦(𝑥) + 𝑞(𝑥)𝑦2(𝑥) = 𝑓(𝑥)

𝑝(𝑥), 𝑞(𝑥) y 𝑓(𝑥) 𝑥

𝑝, 𝑞 y 𝑓 

𝑦´(𝑥) + 𝑝𝑦(𝑥) + 𝑞𝑦2(𝑥) = 𝑓.

𝑦(𝑥)

𝑦 =∑𝑏𝑖𝐵𝑖
𝑛

𝑛

𝑖=0

𝑦2 = ∑ 𝛼𝑖𝐵𝑖
2𝑛2𝑛

𝑖=0 𝛼𝑖 =
∑ 𝑏𝑗𝑏𝑖−𝑗(

𝑛
𝑗)(

𝑛
𝑖−𝑗)

min (𝑖,𝑛)
𝑗=0

(2𝑛𝑖 )
𝑏𝑖−𝑗 = 0  para  𝑖 − 𝑗 > n

𝑦 𝑛

𝑦 =∑[∑𝛿𝑖,𝑗
𝑛,𝑛𝑏𝑗

𝑖

𝑗=0

] 𝐵𝑖
2𝑛

2𝑛

𝑖=0

𝛿𝑖,𝑗
𝑛,𝑛 =

(𝑛𝑗)(
𝑛
𝑖−𝑗)

(2𝑛𝑖 )
( 𝑛
𝑖−𝑗
) = 0 𝑦 (𝑛

𝑗
) = 0 𝑖 − 𝑗 > 𝑛  𝑦  𝑗 > 𝑛

𝑦´

𝑦´ =
1

𝑏 − 𝑎
∑[(𝑛 − 𝑖)𝑏𝑖+1 + (2𝑖 − 𝑛)𝑏𝑖 − 𝑖𝑏𝑖−1]𝐵𝑖

𝑛

𝑛

𝑖=0

𝑛
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𝑦´ =
1

𝑏 − 𝑎
∑{∑𝛿𝑖,𝑗

𝑛,𝑛[(𝑛 − 𝑗)𝑏𝑗+1 + (2𝑗 − 𝑛)𝑏𝑗 − 𝑗𝑏𝑗−1]

𝑖

𝑗=0

}𝐵𝑖
2𝑛

2𝑛

𝑖=0

1

𝑏 − 𝑎
∑{∑𝛿𝑖,𝑗

𝑛,𝑛[(𝑛 − 𝑗)𝑏𝑗+1 + (2𝑗 − 𝑛)𝑏𝑗 − 𝑗𝑏𝑗−1]

𝑖

𝑗=0

}𝐵𝑖
2𝑛

2𝑛

𝑖=0

+ 𝑝 ∗∑[∑𝛿𝑖,𝑗
𝑛,𝑛𝑏𝑗

𝑖

𝑗=0

] 𝐵𝑖
2𝑛

2𝑛

𝑖=0

+ 𝑞 ∗∑𝛼𝑖𝐵𝑖
2𝑛

2𝑛

𝑖=0

= 𝑓

1

𝑏−𝑎
𝛿0,0
𝑛,𝑛[𝑛𝑏1 − 𝑛𝑏0] + 𝑝𝛿0,0

𝑛,𝑛𝑏0 + 𝑞𝑏0
2 = 𝑓 𝑖 = 0

1

𝑏−𝑎
∑ 𝛿𝑖,𝑗

𝑛,𝑛[(𝑛 − 𝑗)𝑏𝑗+1 + (2𝑗 − 𝑛)𝑏𝑗 − 𝑗𝑏𝑗−1]
𝑖
𝑗=0 + 𝑝∑ 𝛿𝑖,𝑗

𝑛,𝑛𝑖
𝑗=0 𝑏𝑗 + 𝑞𝛼𝑖 = 0 𝑖 > 0

𝑏1

𝑏1 = 𝑏0 +
(𝑏 − 𝑎)

𝑛𝛿0,0
𝑛,𝑛 [𝑓 − 𝑝𝛿0,0

𝑛,𝑛𝑏0 − 𝑞𝑏0
2]

𝛿0,0
𝑛,𝑛 =

(𝑛0)(
𝑛
0)

(2𝑛0 )
= 1

𝒃𝟏 = 𝒃𝟎 +
(𝒃 − 𝒂)

𝒏
[𝒇 − 𝒑𝒃𝟎 − 𝒒𝒃𝟎

𝟐]

𝑏𝑖+1
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1

𝑏 − 𝑎
{∑𝛿𝑖,𝑗

𝑛,𝑛[(𝑛 − 𝑗)𝑏𝑗+1 + (2𝑗 − 𝑛)𝑏𝑗 − 𝑗𝑏𝑗−1]

𝑖−1

𝑗=0

+ 𝛿𝑖,𝑖
𝑛,𝑛[(𝑛 − 𝑖)𝑏𝑖+1 + (2𝑖 − 𝑛)𝑏𝑖 − 𝑖𝑏𝑖−1]} + 𝑝∑𝛿𝑖,𝑗

𝑛,𝑛

𝑖

𝑗=0

𝑏𝑗 + 𝑞𝛼𝑖 = 0

∑𝛿𝑖,𝑗
𝑛,𝑛[(𝑛 − 𝑗)𝑏𝑗+1 + (2𝑗 − 𝑛)𝑏𝑗 − 𝑗𝑏𝑗−1]

𝑖−1

𝑗=0

+ 𝛿𝑖,𝑖
𝑛,𝑛[(𝑛 − 𝑖)𝑏𝑖+1 + (2𝑖 − 𝑛)𝑏𝑖 − 𝑖𝑏𝑖−1]

= (𝑎 − 𝑏)(𝑝∑𝛿𝑖,𝑗
𝑛,𝑛

𝑖

𝑗=0

𝑏𝑗 + 𝑞𝛼𝑖)

[(𝑛 − 𝑖)𝑏𝑖+1 + (2𝑖 − 𝑛)𝑏𝑖 − 𝑖𝑏𝑖−1]

=
(𝑎 − 𝑏)(𝑝∑ 𝛿𝑖,𝑗

𝑛,𝑛𝑖
𝑗=0 𝑏𝑗 + 𝑞𝛼𝑖) − ∑ 𝛿𝑖,𝑗

𝑛,𝑛[(𝑛 − 𝑗)𝑏𝑗+1 + (2𝑗 − 𝑛)𝑏𝑗 − 𝑗𝑏𝑗−1]
𝑖−1
𝑗=0

𝛿𝑖,𝑖
𝑛,𝑛

𝒃𝒊+𝟏

=

(𝒂 − 𝒃)(𝒑∑ 𝜹𝒊,𝒋
𝒏,𝒏𝒊

𝒋=𝟎 𝒃𝒋 + 𝒒𝜶𝒊) − ∑ 𝜹𝒊,𝒋
𝒏,𝒏[(𝒏 − 𝒋)𝒃𝒋+𝟏 + (𝟐𝒋 − 𝒏)𝒃𝒋 − 𝒋𝒃𝒋−𝟏]

𝒊−𝟏
𝒋=𝟎

𝜹𝒊,𝒊
𝒏,𝒏 + (𝒏 − 𝟐𝒊)𝒃𝒊 + 𝒊𝒃𝒊−𝟏

(𝒏 − 𝒊)

[0, 10]

{
𝑦´ = −𝑦 + 𝑦2

𝑦(0) =
1

2

𝑝 = 1, 𝑞 = −1, 𝑓 = 0 𝑏0 =
1

2
.

𝑖 = 0

𝑏1 = 𝑏0 +
(𝑏 − 𝑎)

𝑛
[𝑓 − 𝑝𝑏0 − 𝑞𝑏0

2]
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𝑏1 =
1

2
+
10

3
[−
1

2
+
1

4
]

𝑏1 = −
1

3

𝑖 = 1

𝑏2

=

(−10)(∑ 𝛿1,𝑗
3,31

𝑗=0 𝑏𝑗 + 𝑞𝛼1) − ∑ 𝛿1,𝑗
3,3[(3 − 𝑗)𝑏𝑗+1 + (2𝑗 − 3)𝑏𝑗 − 𝑗𝑏𝑗−1]

0
𝑗=0

𝛿1,1
3,3 + (3 − 2)𝑏1 + 𝑏0

2

𝑏2 =
(−10)(𝑏0 + 𝑏1 − 2𝑏0𝑏1) + 3𝑏0 − 3𝑏1 + 𝑏1 + 𝑏0

2

𝑏2 =

(−10) (
1
2 −

1
3 − 2 (

1
2) (−

1
3)) + 3 (

1
2) − 3 (−

1
3) +

1
2 −

1
3

2

𝑏2 = −
7

6

𝑖 = 2

𝑏3

=

(−10)(∑ 𝛿2,𝑗
3,32

𝑗=0 𝑏𝑗 − 𝛼2) − ∑ 𝛿2,𝑗
3,3[(3 − 𝑗)𝑏𝑗+1 + (2𝑗 − 3)𝑏𝑗 − 𝑗𝑏𝑗−1]

1
𝑗=0

𝛿2,2
3,3 + (3 − 4)𝑏2 + 2𝑏1

(3 − 2)

𝑏3

=

(−10) [
3
15
𝑏0 +

9
15
𝑏1 +

3
15
𝑏2 − (

(3
0
)(3
2
)

(6
2
)
𝑏0𝑏2 +

(3
1
)(3
1
)

(6
2
)
𝑏1
2 +

(3
2
)(3
0
)

(6
2
)
𝑏2𝑏0)] −

3
15
[3𝑏1 − 3𝑏0] −

9
15
[2𝑏2 − 𝑏1 − 𝑏0]

3
15

− 𝑏2 + 2𝑏1

𝑏3 = (−10)[𝑏0 + 3𝑏1 + 𝑏2 − (2𝑏0𝑏2 + 3𝑏1
2)] − [3𝑏1 − 3𝑏0] − 3[2𝑏2 − 𝑏1 − 𝑏0] − 𝑏2

+ 2𝑏1

𝑏3 =
113

6
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