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μxt = E (xt) =

∫ ∞

−∞
xft (x) dx,

γx (s, t) = (xs, xt) = E [(xs − μs) (xt − μt)] ,

s

xt yt

γxy (s, t) = (xs, yt) = E [(xs − μxs) (yt − μyt)] .

ρxy (s, t) =
γxy (s, t)√

γx (s, s) γ (t, t)
.

{xt1 , xt2 , . . . , xtk}

{xt1+h, xt2+h, . . . , xtk+h} .

P {xt1 ≤ c1, . . . , xtk ≤ ck} = P {xt1+h ≤ c1, . . . , xtk+h ≤ ck}
k = 1, 2, . . . t1, t2, . . . , tk c1, . . . , ck h = 0,±1,±2, . . .

xt

μt

γ (s, t) s t |s− t|

xt

t = 1, . . . , n zt1, . . . , ztq−1

xt = β0 + β1zt1 + β2zt2 + · · ·+ βq−1ztq−1 + wt,

β wt

σ2
w
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] ,

xxtt yytt

μxsxs) () (yytt − μ

γγxyxy ((s, ts, t)

Bib√√
Bibγγ
√√√

xx ((s, ss, )

{{xxt1

{

PP {{xxtt1 ≤≤
, . . ..

t



β0 β1

Q =
n∑

t=1

w2
t =

n∑
t=1

(xt − [β0 + β1zt])
2
,

β0 β1
∂Q
∂βi

= 0

β̂1 =

∑n
t=1 (xt − x̄) (zt − z̄)∑n

t=1 (zt − z̄)
,

β̂0 = x̄− β̂1z̄,

x̄ z̄

xt

q = 1

xt = β0 + β1zt1 + wt,

zt = 1880, . . . , 2009 wt

β̂0 = −11,2 β̂1 = 0,006

x̂t = −11,2 + 0,006zt
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xt = βzt + wt,

zt = (1, zt1, . . . , ztq)
T

β = (β0, β1, . . . , βq)
T

wt =
(
0, σ2

w

)
q = 1

β

Q =
n∑

t=1

w2
t =

n∑
t=1

(
xt − βT zt

)2
,

β0, β1, . . . , βq. Q β β̂∑n
t=1

(
xt − β̂′zt

)
z′
t = 0 (

n∑
t=1

ztz
T
t

)
β̂ =

n∑
t=1

ztxt.

∑n
t=1 ztz

′
t β

β̂ =

(
n∑

t=1

ztz
T
t

)−1 n∑
t=1

ztxt.

SSE =
n∑

t=1

(
xt − β̂

T
zt

)2
.

E
(
β̂
)
= β(

β̂
)
= σ2

wC,

C =

(
n∑

t=1

ztz
T
t

)−1

.

wt β̂
σ2
w

s2w = MSE =
SSE

n− (q + 1)
,

MSE

t =

(
β̂i − βi

)
sw
√
cii

,

n− k cii i
C H0 : βi = 0 i = 1, . . . , q

q r < q zt1:r = {zt1, . . . , ztr}
xt

xt = β0 + β1zt1 + · · ·+ βrztr + wt,

βi i = 1, . . . , r β
H0 : βi = 0 i = r + 1, . . . , q

F

F =
(SSEr − SSE) / (k − 1− r)

SSE/ (n− k − 2)
=

MSR

MSE
,
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β̂

β

β
T
ztt

))22
.

EE
((
ˆ̂ββ
))
== ββ((

β̂β
))
= σ

C =

((
β

σσ22
w

CC



SSEr SSEr ≥ SSE
SSEr ≈ SSE

βi i = r + 1, . . . , q H0 SSEr − SSE
F q − r n − q − 1

α F > F q−r
n−q−1 (α) .

F

at,r+1:q q − r SSR = SSEr − SSE MSR = SSR/ (q − r) F = MSR
MSE

n− (q + 1) SSE MSE = SSE/ (n− q − 1)

r = 0

xt = β0 + wt,

xt

R2 =
SSE0 − SSE

SSE0
,

SSE0 =
∑

(xt − x̄)
2
,

xt = β0 + wt

SSE0 x̄
R2 xt zt1, . . . , ztq

k

σ̂2
k =

SSE (q + 1)

n
,

SSE (q + 1) q + 1

= log σ̂2
q+1 +

n+ 2 (q + 1)

n
,

σ̂2
q+1 q + 1

σ̂2
q+1 σ̂2

q+1

q + 1

= log σ̂2
k +

n+ k

n− k − 2
,

σ̂2
k k n

= log σ̂2
k +

k log n

n
,
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Tt Pt

Mt

Dire
cc

ión
 G

en
era

l d
e B

ibl
iot

ec
as

 de
 la

 U
AQ

a U

d



Mt = β1 + β2t+ wt,

Mt = β1 + β2t+ β3

(
Tt − T̃

)
+ wt,

Mt = β1 + β2t+ β3

(
Tt − T̃

)
+ β4

(
Tt − T̃

)2
+ wt,

Mt = β1 + β2t+ β3

(
Tt − T̃

)
+ β4

(
Tt − T̃

)2
+ β5Pt + wt,

Mt Tt Pt T̃ = 74,6

R2

SSE1 = 50, 687

Mt = 81,59− 0,027t− 0,473 (Tt − 74,6) + 0,023 (Tt − 74,6)
2
+ 0,255Pt,
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wt,

t++ ββ33

((
TTttT − T̃

1 ++ ββ2t++ ββ33

((
= ββ11 ++ ββ22tt+

0, 6877



k SSE MSE R2
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xt p xt−1, xt−2, . . . , xt−p

p

p (p)

xt = φ1xt−1 + φ2xt−2 + · · ·+ φpxt−p + wt,

xt wt ∼
(
0, σ2

w

)
φ1, φ2, . . . , φp φp �= 0 xt

μ xt xt xt − μ

xt − μ = φ1 (xt−1 − μ) + φ2 (xt−2 − μ) + · · ·+ φp (xt−p − μ) + wt,

xt = αφ1xt−1 + φ2xt−2 + · · ·+ φpxt−p + wt,

α = μ (1− φ1 − · · · − φp) .

Bxt = xt−1

B2xt = B (Bxt) = Bxt−1 = xt−2

Bkxt = xt−k.

B−1B = 1,

xt = B−1Bxt = B−1xt−1,

B−1

(p) (
1− φ1B − φ2B

2 − · · · − φpB
p
)
xt = wt,

φ (B)xt = wt,

φ (B)
φ (B) = 1− φ1B − φ2B

2 − · · · − φpB
p.

φ (B)
(1) xt = φxt−1 +wt k

xt = φxt−1 + wt = φ (φxt−2 + wt−1) + wt

= φ2xt−2 + φwt−1 + wt

= φkxt−k +

k−1∑
j=0

φjwt−j .
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t−22, . . . , x, . . t

φp ��= 0= 0���
xxtt −− μμ

(xt−−pp − μμ) +) +

φpxxtt−−pp ++ wwt

Bxt == x

Bxtt) =) = BxBxt

φ ((BB))



|φ| < 1 supt (xt) <∞
(1)

xt =
∞∑
j=0

φjwt−j .

(1)

E (xt) =
∞∑
j=0

φjE (wt−j) = 0,

γ (h) = (xt+h, xt) = E

⎡⎣⎛⎝ ∞∑
j=0

φjwt+h−j

⎞⎠( ∞∑
k=0

φkwt−k

)⎤⎦
= E

[(
wt+h + · · ·+ φhwt + φh+1wt−1 + · · ·

)
(wt + φwt−1 + · · · )

]
= σ2

w

∞∑
j=0

φh+jφj = σ2
wφ

h
∞∑
j=0

φ2j =
σ2
wφ

h

1− φ2
, h ≥ 0.

γ (h) = γ (−h) h ≥ 0

ρ (s, t) = γ(s,t)√
γ(s,s)γ(t,t)

(1)

ρ (h) =
γ (h)

γ (0)
= φh, h ≥ 0,

ρ (h)
ρ (h) = φρ (h− 1) , h = 1, 2, . . . .

p = 1
(1)

φ (B)xt = wt,

φ (B) = 1− φB |φ| < 1

xt =
∞∑
j=0

ψjwt−j = ψ (B)wt,

ψ (B) =
∑∞

j=0 ψjB
j ψj = φj ψj = φj ψ (B)wt

xt

φ (B)ψ (B)wt = wt.

(1− φB)
(
1 + ψB + φB2 + · · ·+ ψjB

j + · · · ) = 1.

1 + (ψ1 − φ)B + (ψ2 − ψ1φ)B
2 + · · ·+ (ψj − ψj−1φ)B

j + · · · = 1

j = 1, 2, . . . Bj B
(ψ1 − φ) = 0 ψ1 = φ B2 (ψ2 − ψ1φ) = 0, ψ2 = φ2

ψj = ψj−1φ,

ψ0 = 1 ψj = φj
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1 ++ · · · ))
]]

≥ 0..

hh ≥≥ 00

(h)

γ (0)(0)
= φφhh,

) =) = φρρ ((hh−− 1

|φφ|| << 11

BB) =) =
∑∑∞∞

jj=00 ψ
xxtt



(1)

(1) φ = 0,9 φ = −0,9 σ2
w = 1

ρ (h) = (0,9)h h ≥ 0

xt,
φ = −0,9 ρ (h) = (−0,9)h

h ≥ 0

xt

xt+1 xt+2

(1)

q (q)

xt = wt + θ1wt−1 + θ2wt−2 + · · ·+ θqwt−q,

wt ∼
(
0, σ2

w

)
θ1, θ2, . . . , θq θq �= 0

ψ0 = 1,
ψj = θj j = 1, . . . , q ψj = 0 (q)

xt = θ (B)wt,

θ (B) = 1 + θ1B + θ2B
2 + · · ·+ θqB

q.

θ1, . . . , θq
θ (z) θ (B)

(1) xt = θ (B)wt θ (B) = 1 + θB |θ| < 1
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π (B)xt = wt, π (B) = θ−1 (B) θ (z) = 1 + θz |z| ≤ 1

π (z) = θ−1 (z) = 1
1+θz =

∑∞
j=0 (−θ)j zj π (B) =

∑∞
j=0 (−θ)j Bj .

{xt; t = 0, ±1, ±2, . . . } ARMA (p, q)

xt = φ1xt−1 + · · ·+ φpxt−p + wt + θ1wt−1 + · · ·+ θqwt−q,

φp �= 0 �= θq wt ∼ N
(
0, σ2

w

)
σ2
w > 0 p q

xt μ α = μ (1− φ1 − · · · − φp)

xt = αφ1xt−1 + · · ·+ φpxt−p + wt + θ1wt−1 + · · ·+ θqwt−q,

wt ∼
(
0, σ2

w

)
.

q = 0 p p = 0
q

(p, q)
φ (B)xt = θ (B)wt.

(p, q)

φ (z) = 1− φ1z − · · · − φpz
p, φp �= 0,

θ (z) = 1 + θ1z + · · ·+ θqz
q, θq �= 0,

z

(p, q)
φ (z) θ (z)

xt = 0,5xt−1 − 0,5wt−1 + wt (1, 1)
xt

(p, q) {xt : t = 0, ±1, ±2, . . . }

xt =

∞∑
j=0

ψjwt−j = ψ (B)wt,

ψ (B) =
∑∞

j=0 ψjB
j ,
∑∞

j=0 |ψj | <∞ ψ0 = 1.

(1) xt = φxt−1 + wt |φ| < 1
φ (z) = 1 − φz z0 φ (z) z0 = 1

φ

φ (z0) = 0 |z0| > 1 |φ| < 1
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− φφp))

−q,

p

φφ ((zz) = 1= 1−

θθ ((z

z

xt



ω
1
ω

xt = A cos (2πωt+ φ)

t = 0,±1,±2, . . . ω A
φ

xt = U1 cos (2πωt) + U2 sin (2πωt) ,

U1 = A cosφ U2 = −A sinφ

A =
√

U2
1 + U2

2 φ = tan−1
(
−U2

U1

)
.

1
2

xt =

q∑
k=1

[Uk1 cos (2πωkt) + Uk2 (2πωkt)]

Uk1, Uk2 k = 1, 2, . . . , q σ2
k ωk

γ (h) =

q∑
k=1

σ2
k cos (2πωkh)

σ2
k. xt

γ (0) = E
(
x2
t

)
=

q∑
k=1

σ2
k,

t = 1, . . . , 100

xt1 = 2 cos

(
2πt

6

100

)
+ 3 sin

(
2πt

6

100

)
xt2 = 4 cos

(
2πt

10

100

)
+ 5 sin

(
2πt

10

100

)
xt3 = 6 cos

(
2πt

40

100

)
+ 7 sin

(
2πt

40

100

)

xt = xt1 + xt2 + xt3
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UkU 1 cos (2cos (2πωkt

tt = 1= 1,



P

(
j

n

)
=

(
2

n

n∑
t=1

xt cos

(
2πtj

n

))2

+

(
2

n

n∑
t=1

xt sin

(
2πtj

n

))2

ωj =
j
n j n

xt1, xt2 xt3 xt
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n



P

(
j

n

)
= P

(
1− j

n

)
, j = 0, 1, . . . , n− 1,

P

(
6

100

)
= 13, P

(
10

100

)
= 41, P

(
40

100

)
= 85,

P
(
j
n

)
= P

(
1− j

n

)
P
(
j
n

)
= 0

xt xt1 xt2 xt3

xt

ω0

xt = U1 cos (2πω0t) + U2 sin (2πω0t) ,
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−− jj

Bnn
))
, j, j = 0=

P

((
66al100100

))
= 1=

P
((
jjenn)) = 0= 0

xxt



U1 U2 σ2

1
ω0

ω0

t = 0,±1,±2 . . .

γ (h) = σ2 cos (2πω0h) =
σ2

2
exp (−2πiω0h) +

σ2

2
exp (2πiω0h)

=

∫ 1
2

− 1
2

exp (2πiωh) dF (ω)

F (ω)

F (ω) =

⎧⎪⎨⎪⎩
0 ω < −ω0

σ2

2 −ω0 < ω < ω0

σ2 ω > ω0

F (ω)
F (∞) = σ2 = (xt)

xt γ (h) = E [(xt+h − μ) (xt − μ)] ,
F (ω) F (−∞) =

F
(− 1

2

)
= 0, F (∞) = F

(
1
2

)
= γ (0)

γ (h) =

∫ 1
2

− 1
2

exp (2πiωh) dF (ω) .

dF (ω) = f (ω) dω

γ (h)

∞∑
h=−∞

|γ (h)| <∞,

γ (h) =

∫ 1
2

− 1
2

exp (2πiωh) f (ω) dω, h = 0,±1,±2, . . .

f (ω) =
∞∑

h=−∞
γ (h) exp (−2πiωh) − 1

2
≤ ω ≤ 1

2
.

γ (h)
f (ω) ≥ 0 ω f f (ω) = f (−ω) h = 0

γ (0) = (xt) =

∫ 1
2

− 1
2

f (ω) dω,

γ (h) f (ω)
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μ) ((xxtt − μμ)])]

ωhωh)) dFdF ((ωω))

= ff ((ωω)) dω

(hh))



aj j = 0,±1,±2, . . .
xt yt

yt =
∞∑

j=−∞
ajxt−j ,

∞∑
j=−∞

|aj | <∞.

A (ω) =

∞∑
j=−∞

aj exp [−2πiωj] ,

yt fy (ω)
xt fx (ω)

yt xt

fy (ω) = |A (ω)|2 fx (ω) ,

A (ω)

xt

xt =
∑∞

j=0 ψjwt−j ,
∑∞

j=0 |ψj | <∞ fw (ω) = σ2
w

ψ (z) = θ(z)
φ(z) .

xt (p, q) φ (B)xt = θ (B)wt

fx (ω) = σ2
w

|θ [exp (−2πiω)]|2
|φ [exp (−2πiω)]|2 ,

φ (z) = 1−∑p
k=1 φkz

k θ (z) = 1 +
∑q

k=1 θkz
k.

x1, . . . , xn

d (ωj) = n− 1
2

n∑
t=1

xt exp (−2πiωjt)

j = 0, 1, . . . , n− 1 ωj =
j
n

xt = n− 1
2

n−1∑
j=0

d (ωj) exp (2πiωjt)

t = 1, . . . , n
z = a+ ib

z = a− ib |z|2 = zz = a2 + b2.
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∞∞

ffxxfff (ω)

kz
k θθ ((z) =)

jj =



x1, . . . , xn

I (ωj) = |d (ωj)|2

j = 0, 1, 2, . . . , n− 1

I (0) = nx2 x
∑n

t=1 exp
(−2πit jn) = 0 j �= 0

d (ωj) = n− 1
2

n∑
t=1

(xt − x) exp (−2πiωjt)

j �= 0 j �= 0

I (ωj) = |d (ωj)|2

= n−1
n∑

t=1

n∑
s=1

(xt − x) (xs − x) exp (−2πiωj (t− s))

= n−1
n−1∑

h=−(n−1)

n−|h|∑
t=1

(
xt+|h| − x

)
(xt − x) exp (−2πiωjh)

=

n−1∑
h=−(n−1)

γ̂ (h) exp (−2πiωjh)

h = t− s γ̂ (h)
I (ωj) xt

x1, . . . , xn

dc (ωj) = n− 1
2

n∑
t=1

xt cos (2πωjt)

ds (ωj) = n− 1
2

n∑
t=1

xt sin (2πωjt)

ωj =
j
n j = 0, 1, . . . , n− 1.

d (ωj) = dc (ωj)− ids (ωj)

I (ωj) = d2c (ωj) + d2s (ωj) .

(p, q) (p, q) φ (z) �= 0
|z| ≤ 1

ψ (z) =
∞∑
j=0

ψjz
j =

θ (z)

φ (z)
, |z| ≤ 1.

φ (z)Dire
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xp (−22πiωπiωjjhh)

. , xxnn

dc ((ωωjj) == n

j = 0= 0, 11, . .,

dc ((ωωjj)− idid

||zz| ≤| ≤ 1



(p, q) {xt : t = 0, ±1, ±2, . . . }

π (B)xt =
∞∑
j=0

πjxt−j = wt,

π (B) =
∑∞

j=0 πjB
j
∑∞

j=0 |πj | <∞ π0 = 1.

(p, q)

(p, q) θ (z) �= 0 |z| ≤ 1 πj π (B)

π (z) =
∞∑
j=0

πjz
j =

φ (z)

θ (z)
, |z| ≤ 1.

θ (z)

xt = 0,4xt−1 + 0,45xt−2 + wt + wt−1 + 0,25wt−2,(
1− 0,4B − 0,45B2

)
xt =

(
1 +B + 0,25B2

)
wt.

xt (2, 2)

φ (B) = 1− 0,4B − 0,45B2 = (1 + 0,5B) (1− 0,9B)

θ (B) =
(
1 +B + 0,25B2

)
= (1 + 0,5B)

2

φ (B) =
(1− 0,9B) θ (B) = (1 + 0,5B) (1, 1) (1− 0,9B)xt = (1 + 0,5B)wt

xt = 0,9xt−1 + 0,5wt−1 + wt.

φ (z) = (1− 0,9z) = 0 z = 10
9

θ (z) = 1 + 0,5z z = −2

ψ
φ (z)ψ (z) = θ (z)

(1− 0,9z)
(
1 + ψ1z + ψ2z

2 + · · ·+ ψjz
j + · · · ) = 1 + 0,5z.

1 + (ψ1 − 0,9) z + (ψ2 − 0,9ψ1) z
2 + · · ·+ (ψj − 0,9ψj−1) z

j + · · · = 1 + 0,5z.

z ψ1−0,9 = 0,5 ψj−0,9ψj−1 = 0 j > 1 ψj = 1,4 (0,9)
j−1

j ≥ 1

xt = wt + 1,4
∞∑
j=0

0,9j−1wt−j .

θ (z)π (z) = φ (z)
(1 + 0,5z)

(
1 + π1z + π2z

2 + π3z
3 + · · · ) = 1− 0,9z.

π πj = (−1)j 1,4 (0,5)j−1
j ≥ 1

xt = −1,4
∞∑
j=1

(−0,5)j−1
xt−j + wt.
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π (BB))

θ

−1 + 0+ 0,,2525wwt

1 ++BB + 0+ 0,,252 B

(2(2, 2)2)

4545BB22 = (1 += (1 +

(
1 ++BB + 00,2525B

xxt = 0

φ (z) = (1) = (1−− 0

))
(

1 +

jj ≥≥ 11



MA(q) xt = θ (B)wt xt

E (xt) =

q∑
j=0

θjE (wt−j) = 0

γ (h) = (xt+h, xt)

=

⎛⎝ q∑
j=0

θjwt+h−j ,

q∑
k=0

θkwt−k

⎞⎠
=

{
σ2
w

∑q−h
j=0 θjθj+h, 0 ≤ h ≤ q

0 h > q

γ (h) = γ (−h) γ (q) θq �= 0
γ (h) q (q)

γ (0) (q)

ρ (h) =

⎧⎨⎩
∑q−h

j=0 θjθj+h

1+θ2
1+···+θ2

q
1 ≤ h ≤ q,

0 h > q.

(p, q) φ (B)xt = θ (B)wt,

xt =

∞∑
j=0

ψjwt−j .

E (xt) = 0 xt

γ (h) = (xt+h.xt) = σ2
w

∞∑
j=0

ψjψj+h, h ≥ 0,

γ (h) ρ (h) = γ (h) /γ (0)

γ (h) =

p∑
j=1

φjγ (h− j) + σ2
w

q∑
j=h

θjψj−h. h ≥ 0,

h ≥ 0

(wt+h, wt) = ψj−hσ
2
w.

γ (h)− φ1γ (h− 1)− · · · − φpγ (h− p) = 0, h ≥ máx (p, q + 1)

γ (h)−
p∑

j=1

φjγ (h− j) = σ2
w

q∑
j=h

θjψj−h, 0 ≤ h ≤ máx (p, q + 1)

γ (0) ρ (h) = γ (h) /γ (0) .Dire
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((qq))

≤ q,q,

> q.

wt,

∑∑
j=0=0

ψψjjwwtt−−jj .

= (xtt++hh.x

ρρ ((hh)

γγ ((hh))



q
q θq �= 0 q

ARMA

X, Y Z X Y
Z X Z X̂ Y Z Ŷ

ρXY |Z =
(
X − X̂, Y − Ŷ

)
.

ρXY |Z X Y Z
(1) xt = φxt−1 + wt

γx (2) = (xt, xt−2)

=
(
φ2xt−2 + φwt−1 + wt, xt−2

)
= φ2γx (0)

xt−2 {wt−2, wt−3, . . . }
wt wt−1 xt xt−2 xt xt−2 xt−1

xt−1.
xt − φxt−1 xt−2 − φxt−1 xt xt−2

xt−1

(xt − φxt−1, xt−2 − φxt−1) = (wt, xt−2 − φxt−1) = 0.

xs xt

x̂t+h h ≥ 2
xt+h {xt+h−1, xt+h−2, . . . , xt+1}

x̂t+h = β1xt+h−1 + β2xt+h−2 + · · ·+ βh−1xt+1.

xt

xt xt − μ x̂t xt {xt+1, xt+2, . . . , xt+h−1} .
x̂t = β1xt+1 + β2xt+2 + · · ·+ βh−1xt+h−1.

xt φhh

h = 1, 2, . . .
φ11 = (xt+1, xt) = ρ (1)

φhh = (xt+h − x̂t+h, xt − x̂t) , h ≥ 2.

(xt+h − x̂t+h) (xt − x̂t) {xt+1, . . . , xt+h−1} . φhh

xt+h xt {xt+1, . . . , xt+h−1}
.

.

(p) (q) (p, q)
q

p

YY
ˆ̂YY

. . . }
xtt

((wwtt, x, xtt

xxtt

xt+hh−−11 ++ ββ22xx

x̂tt == ββ11xx

++h −− ˆ̂xxt++hh))

++h xxtt



xn+m, m = 1, 2, . . .
x = {xn, xn−1, . . . , x1} xt

xn+m

xn
n+m = E (xn+m|x)

E [xn+m − g (x)]
2
,

g (x) x

xn
n+m = α0 +

n∑
k=1

αkxk

αi α n m m = n = 1 x1
2

x2 x1. x1
2 = α0 + α1x1. n = 2 x2

3

x3 x1 x2 x2
3 = α0 + α1x1 + α2x2,

α x1
2 x2

3

x1, . . . , xn xn
n+m = α0 +

∑n
k=1 αkxk xn+m m ≥ 1

E
[(
xn+m − xn

n+m

)
xk

]
= 0, k = 0, 1, . . . , n,

x0 = 1 α0, α1, . . . , αn.

{α0, α1, . . . , αn} . E (xt) = μ k = 0

E
(
xn
n+m

)
= E (xn+m) = μ.

μ = α0 +

n∑
k=1

αkμ α0 = μ

(
1−

n∑
k=1

αk

)
.

xn
n+m = μ+

n∑
k=1

αk (xk − μ) .

{x1, . . . , xn} ,
xn+1 xn+1

xn
n+1 = φn1xn + φn2xn−1 + · · ·+ φnnx1,

μ = 0 α0 = 0, n
αk φn,n+1−k k = 1, . . . , n {φn1, φn2, . . . , φnn}

E

⎡⎣⎛⎝xn−1 −
n∑

j=1

φnjxn+1−j

⎞⎠xn+1−k

⎤⎦ = 0, k = 1, . . . , n,

n∑
j=1

φnjγ (k − j) = γ (k) , k = 1, . . . , n.
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mm == nn =
= αα00 ++ αα11xx1

n
nn++mm == αα00 +

mm

))
xxkk

]]
= 0= 0, k, k

EE
((
xxn
n

μ

α



Γnφn = γn,

Γn = (γ (k − j))
n
j,k=1 n × n φn = (φn1, . . . , φnn)

′
n × 1 γn =

(γ (1) , . . . , γ (n))
′

n× 1
Γn Γn

xn
n+1 Γn φn

φn = Γ−1
n γn.

σ2
w > 0 γ (h) → 0 h → ∞ Γn

xn
n+1 = φT

nx

x = (xn, xn−1, . . . , x1)
T
.

Pn
n+1 = E

(
xn+1 − xn

n+1

)2
= γ (0)− γT

nΓ
−1
n γn.

E
(
xn+1 − x2

n+1

)2
= E

(
xn+1 − φT

nx
)2

= E
(
xn+1 − γT

nΓ
−1
n γn

)2
= E

(
x2
n+1 − 2γT

nΓ
−1
n xxn+1 + γT

nΓ
−1
n xxTΓ−1

n γn

)
= γ (0)− 2γT

nΓ
−1
n γn + γT

nΓ
−1
n ΓnΓ

−1
n γn

= γ (0)− γT
nΓ

−1
n γn.

n

φ00 = 0, P 0
1 = γ (0)

n ≥ 1

φnn =
ρ (n)−∑n−1

k=1 φn−1,kρ (n− k)

1−∑n−1
k=1 φn−1,kρ (k)

, Pn
n+1 = Pn−1

n

(
1− φ2

nn

)
,

n ≥ 2
φnk = φn−1,k − φnnφn−1.n−k, k = 1, 2, . . . , n− 1.

n x1, . . . , xn (p, q)
p q φ1, . . . , φp θ1, . . . , θq σ2

w.

(p) p+ 1

γ (h) = φ1γ (h− 1) + · · ·+ φpγ (h− p) , h = 1, 2, . . . , p

σ2
w = γ (0)− φ1γ (1)− · · · − φpγ (p) .
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Γ

γn.

E
((
xxnn+1+1 −− γγTT

1
n xxxxnn+1+1 ++ γγT

1
nn γγnn ++ γγTT

nΓΓ
−

nnΓΓ
−−11
nn γγnn..

φφnnnn ==
ρρ

n ≥≥ 2



ΓPφ = γp, σ
2
w = γ (0)− φ′γp,

Γp = {γ (k − j)}pj.k=1 p×p φ = (φ1, . . . , φp)
′
, p×1 γp = (γ (1) , . . . , γ (p))

′

p× 1 γ (h) γ̂ (h)

φ̂ = Γ̂−1
p γ̂p, σ̂

2
w = γ̂ (0)− γ̂′

pΓ̂
−1
p γ̂p.

(p) σ̂2
w

σ2
w

(p)

(1)
xt = μ+ φ (xt−1 − μ) + wt

|φ| < 1 wt ∼
(
0, σ2

w

)
x1, x2, . . . , xn

L
(
μ, φ, σ2

w

)
= f

(
x1, x2, . . . , xn|μ, φ, σ2

w

)
= f (x1) f (x2|x1) · · · f (xn|xn−1) ,

xt|xt−1 ∼ N
(
μ+ φ (xt−1 − μ) , σ2

w

)
,

f (xt|xt−1) = fw ((xt − μ)− φ (xt−1 − μ)) ,

fw (·) wt σ2
w

L
(
μ, φ, σ2

w

)
= f (x1)

n∏
t=2

fw [(xt − μ)− φ (xt−1 − μ)] .

f (x1)

x1 = μ+
∞∑
j=0

φjw1−j ,

x1 μ σ2
w/
(
1− φ2

)
. (1)

L
(
μ, φ, σ2

w

)
=
(
2πσ2

w

)−n
2
(
1− φ2

) 1
2 exp

[
−S (μ, φ)

2σ2
w

]
,

S (μ, φ) =
(
1− φ2

)
(x1 − μ)

2
+

n∑
t=2

[(xt − μ)− φ (xt−1 − μ)]
2
,

σ2
w

μ φ σ2
w = n−1S (μ, φ) σ2

w

σ̂2
w = n−1S

(
μ̂, φ̂
)

μ̂ φ̂ μ φ n
n− 2 σ2

w

σ̂2
w

nn||μ, φ, σφ, σ22
ww

))
x1)) · · ·· ff ((xxnn||

((xxtt −− μμ))−− φφ

w

))
== f ((xx11))

n∏∏



σ2
w σ̂2

w μ̂ φ̂

l (μ, φ) = log
[
n−1S (μ, φ)

]− n−1 log
(
1− φ2

)
;

l (μ, φ) ∝ −2 logL (μ, φ, σ̂2
w

)
. l (μ, φ)

x1

L
(
μ, φ, σ2

w|x1

)
=

n∏
t=2

fw [(xt − μ)− φ (xt−1 − μ)]

=
(
2πσ2

w

)−(n−1)/2
exp

[
−Sc (μ, φ)

2σ2
w

]
,

Sc (μ, φ) =
n∑

t=2

[(xt − μ)− φ (xt−1 − μ)]
2
.

σ2
w

σ̂2
w = Sc

(
μ̂, φ̂
)
/ (n− 1)

μ̂ φ̂ Sc (μ, φ) .
α = μ (1− φ)

Sc (μ, φ) =

n∑
t=2

[xt − (α+ φxt−1)]
2
.

(p) (1)

xt − xt−1
t

(p, q) β = (μ, φ1, . . . , φp, θ1, . . . , θq)
′

(p+ q + 1)

L
(
β, σ2

w

)
=

n∏
t=1

f (xt|xt−1, . . . x1) .

xt xt−1, . . . , x1 xt−1
t P t−1

t = γ (0)
∏t−1

j=1

(
1− φ2

jj

)
.

γ (0) = σ2
w

∑∞
j=0 ψ

2
j ,

P t−1
t = σ2

w

⎧⎨⎩
⎡⎣ ∞∑
j=0

ψ2
j

⎤⎦⎡⎣t−1∏
j=1

(
1− φ2

jj

)⎤⎦⎫⎬⎭ = σ2
wrt.

rt
rt+1 =

(
1− φ2

tt

)
rt r1 =

∑∞
j=0 ψ

2
j .

L
(
β, σ2

w

)
=
(
2πσ2

w

)−n/2
[r1 (β) r2 (β) · · · rn (β)]−1/2

exp

[
−S (β)

2σ2
w

]
,

S (β) =
n∑

t=1

[(
xt − xt−1

t (β)
)2

rt (β)

]
.

xt−1
t rt β β σ2

w
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∑
t=2

[[xxtt −− ((αα++ φ

μ, φφ11, . . . , φ, . . . p θ

LL

xxtt

γγ (0) =(0) =



β σ2
w

(1)

σ2
w = n−1S

(
β̂
)
,

β̂ β

l (β) = log
[
n−1S (β)

]
+ n−1

n∑
t=1

log rt (β) .

x0
1 = μ xt−1

t = μ+φ (xt−1 − μ) , t = 2, . . . , n, φ11 = φ φhh = 0 h > 1

r1 =
∑∞

j=0 φ
2j =

(
1− φ2

)−1
, r2 =

(
1− φ2

)−1 (
1− φ2

)
= 1 rt = 1 t = 2, . . . , n

xt (p, d, q)

∇dxt = (1−B)
d
xt

(p, q)

φ (B) (1−B)
d
xt = θ (B)wt.

E
(∇dxt

)
= μ

φ (B) (1−B)
d
xt = δ + θ (B)wt,

δ = μ (1− φ1 − · · · − φp) .

yt = ∇dxt yt
xt d = 1, ynn+m m = 1, 2, . . . ynn+m = xn

n+m − xn
n+m−1

xn
n+m = ynn+m + xn

n+m−1

xn
n+1 = ynn+1 + xn.

p d
q

d = 1
d ∇dxt p q

xt − x̂t−1
t

et =
xtx̂

t−1
t√

P̂ t−1
t
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0 h >> 11

tt = 2= 2, . . . , n, . . . ,

θθ ((BB))wt..

BB))
dd
xxtt == δδ +

xn

n+1 = yynnnn+1+1 +

qq



x̂t−1
t xt P̂ t−1

t

yt =
r∑

j=1

βjztj + xt

xt γx (s, t)
y = Zβ+x Γ = {γx (s, t)} . Γ−1/2y = Γ−1/2Zβ+Γ−1/2x

y∗ = Z∗β + δ, δ

β β̂w =
(
Z ′Γ−1Z

)−1
Z ′Γ−1y(

β̂w

)
=
(
Z ′Γ−1Z

)−1

xt

π (B)xt = wt π (B) = θ (B)
−1

φ (B)

S (φ,θ,β) =
n∑

t=1

w2
t =

n∑
t=1

⎡⎣π (B) yt −
r∑

j=1

Bjπ (B) ztj

⎤⎦2

xt

yt zt1, . . . , ztr
x̂t = yt −

∑r
j=1 β̂jztj .

x̂t

ŵt

s

(P,Q)s

ΦP (Bs)xt = ΘQ (Bs)wt,

ΦP (Bs) = 1− Φ1B
s − Φ2B

2s − · · · − ΦPB
Ps

ΘQ (Bs) = 1 + Θ1B
s +Θ2B

2s + · · ·+ΘQB
Qs

P Q
s
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2ZZββ+Γ+Γ−11//2

δδ

B)xxtt == wwtt

−−
r∑∑

jj=1=1

Bjππ ((BB

yt zztt11, .

tt −
∑∑rr

jj=1=1 β̂jβ z

ŵwtt



(
1− ΦB12

)
xt = wt

xt = Φxt−12 + wt

xt

s = 12
|Φ| < 1

ΦP (Bs)φ (B)∇D
s ∇dxt = δ +ΘQ (Bs) θ (B)wt,

wt (p, d, q)×(P,D,Q)s
φ (B) θ (B) p q

ΦP (Bs)

ΘQ (Bs) P Q ∇d = (1−B)
d

∇D
s = (1−Bs)

D
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< 1

φ ((B)) θθ (B



yt xt

yt =
∞∑
j=0

αjxt−j + ηt = α (B)xt + ηt,

∑
j |aj | < ∞ xt ηt

α0, α1, . . .
xt yt

α (B) =
∞∑
j=0

αjB
j ,

Bj Bjxt = xt−j

(p, d, q) (pη, dη, qη) xt ηt
(p, q) xt ηt

φ (B)xt = θ (B)wt

φη (B) ηt = θη (B) zt,

wt zt σ2
w σ2

z

α (B)
d,

α (B) =
δ (B)Bd

ω (B)
,

ω (B) = 1− ω1B − ω2B
2 − · · · − ωrB

r

δ (B) = δ0 + δ1B + · · ·+ δsB
s

d xt yt t+ d

yt = 0xt + 0xt−1 + 0xt−2 + · · ·+ ω0xt−d.

s yt xt

yt (xt−d, xt−d−1, . . . , xt−d−s) . r yt
yt (yt−1, yt−2, . . . , yt−r) .

[ω (B)]
−1 1

ω(B)

α (B)

xt

ỹt =
φ (B)

θ (B)
yt = α (B)wt +

φ (B)

θ (B)
ηt = α (B)wt + η̃t,

wt η̃t
wt

ỹt

γỹw (h) = E (ỹt+hwt) = E

⎡⎣ ∞∑
j=0

αjwt+h−jwt

⎤⎦ = σ2
wαh,

j = h
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ηηtt

σσ22
zz

==
δδ ((BB))BBdd

Biωω ((BB))
,

= 1−− ωω11BB −− ω

δδ ((BB) = δ

xxtt

yytt = 0=

((xxtt−−dd, x, xtt−−d



δ (B) ω (B)

yt =
δ (B)Bd

ω (B)
xt + ηt

ω (B) yt = δ (B)Bdxt + ω (B) ηt,

yt =
r∑

k=1

ωkyt−k +
s∑

k=0

δkxt−d−k + ut,

ut = ω (B) ηt.

xt yt
β̂ (r + s+ 1)× 1

β = (ω1, . . . , ωr, δ0, δ1, . . . , δs)
′
.

ût = yt − β̂
′
zt,

zt = (yt−1, . . . , yt−r, xt−d, . . . , xt−d−s)
′
,

ηt
ût ω̂ (B) η̂t

(pη, qη)

Dire
cc

ión
 G

en
era

l d
e B

ibl
iot

ec
as

 de
 la

 U
AQ

xxt

xt−dd−ss))
′′
,

ηηt
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φ̂ = 0,5875 σ̂2
w = 0,0379

p− 10−16 p−

φ (B)∇xt = θ (B)wt

(1− 0,588B) ( t − t−1) = wt

(p, d, q) p d
q

∇ = t − t−1

(1− 0,588B)

φ(B)
θ(B)xt = wt

−

φ1

∇yt
φ(B)
θ(B) yt
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s de
l

− 00,,58858 B) (

qq

1

φφ((BB))ccθθ((BB))xxtt ==



d = 5
s = 0 δ (B) = δ0 ω (B) = 1− ω1B

α (B) =
δ (B)Bd

ω (B)

=
δ0B

5

1− ω1B

yt = α (B)xt + ηt,

yt =
δ0B

5

1− ω1B
xt + ηt,

(1− ω1B) yt = δ0B
5xt + ut,

yt = ω1Byt + δ0B
5xt + ut,

yt = ω1yt−1 + δ0xt−5 + ut

ut = (1− ω1B) ηt

ω̂1 = 0,85 δ̂0 = −18,86

ût = (1− 0,853B) ηt

− −
−

te

e l

dd = 5=
((BB) = 1) = 1−− ωω

αα (BB) =) =
δ ((BB



ηt

ω1 δ0
ût ηt

(
1 + 0,427B − 0,328B2

)
ηt = zt.

−

−

ω̂1

ut = (1− ω̂1B) ηt η̂t
φw (B) ηt = θw (B) zt φw (B) = φw1B + φw2B

2 θw (B) = 1
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(yt) (xt)

(1, 0, 0)× (1, 1, 0)12

(1, 0, 0)× (1, 1, 0)12
φ1 = 0,5064 Φ1 = −0,5130 σ̂2

w = 0,7466
(1, 0, 0)×(1, 1, 0)12 (1− 0,5064B)

(
1 + 0,513B12
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d = 10
s = 0 δ (B) = δ0

r = 1 ω (B) = 1− ω1B

α (B) =
δ (B)Bd

ω (B)
=

δ0B
10

1− ω1B
,

yt = α (B)xt + ηt,

yt =
δ0B

10

1− ω1B
xt + ηt,

(1− ω1B) yt = δ0B
10xt + (1− ω1B) ηt,

yt = ω1Byt + δ0B
10xt + ut,

yt = ω1yt−1 + δ0xt−10 + ut,

ut = (1− ω1B) ηt.

ω̂1 = −0,15707 p

δ̂0 = 124,67104 p
ω1 ω1 = 0,

yt = δ0xt−10 + ηt,
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δ̂0 = 100,98 p (xt)

η̂t

η̂t

ηt
p

(3, 0, 4)× (0, 0, 1)12

(3, 0, 3)× (1, 0, 1)12
(3, 0, 5)× (1, 0, 1)12
(3, 0, 5)× (0, 0, 1)12
(3, 0, 3)× (0, 0, 1)12
(3, 0, 4)× (0, 0, 1)12

η̂t

φη (B) ηt = α+Θη

(
B12
)
θη (B) zt,(

1− φη1B − φη2B
2 − φη3B

3
)
ηt = α+

(
1 + Θη1B

12
) (

1 + θη1B + θη2B
2 + θη3B

3 + θη4B
4
)
zt,

ηt = φη1ηt−1 + φη2ηt−2 + φη3ηt−3 + α

+zt + θη1zt−1 + θη2zt−2 + θη3zt−3 + θη4zt−4

+Θη1zt−12 +Θη1θη1zt−13 +Θη1θη2zt−14 +Θη1θη3zt−15 +Θη1θη4zt−16.

p
φη1

φη2

φη3 ×10−16

θη1
θη2
θη3 ×10−16

θη4 ×10−6

Θη1 ×10−10

α ×10−7

(3, 0, 4) × (0, 0, 1)12 η̂t
p
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(3, 0, 4)× (0, 0, 1)12 ηt

yt = yt−12 + δ0xt−10 − δ0xt−22 + φη1ηt−1 + φη2ηt−2 + φη3ηt−3 + α

+zt + θη1zt−1 + θη2zt−2 + θη3zt−3 + θη4zt−4

+Θη1zt−12 +Θη1θη1zt−13 +Θη1θη2zt−14 +Θη1θη3zt−15 +Θη1θη4zt−16,

yt xt
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(33,, 0

+ δ0xxtt−−101 −− δδ

t + θηη11zztt−−11 ++

+Θηη11zt−−1212 ++



(1, 0, 0)× (1, 1, 0)12
d
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yt
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